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Abstract 


This thesis deals with combinatorial l-player games that behave in such a 
manner that if there is any way for the player to play from a given start position 
p to some terminal position t in, say, n moves, then however the player chooses 
to play the game from p, it will always end in position ¢t and always in exactly 
n moves. A game with this property is called strongly convergent. The main 
contents of the thesis can be summarized as follows. 


e We prove that strong convergence is equivalent to having what we call 
the ‘polygon property’, which seemingly is a weaker condition. A lot of 
examples of strongly convergent games are presented. 


e In particular, the numbers game (invented by S. Mozes) is investigated 
thoroughly. This game is played on a graph with real numbers on the 
nodes. A legal move consists of choosing a node with a negative num- 
ber, adding this number to the numbers of the neighbors, and finally 
reversing its sign. Weighted versions are also considered, with weights on 
both edges and nodes. We characterize the N-games, i.e. the weighted 
numbers games that are strongly convergent. The language of all legal 
play sequences, where the letters are the played nodes, is shown to be a 
greedoid for all start positions of every N-game. The question of deciding 
whether one position is reachable from another is discussed. Decidability 
is proved in certain cases. The set of games that can go in a loop is 
classified, and also those games that always terminate whatever the start 
position. 


e The connection between the numbers game and Coxeter groups is ex- 
plored. We show that the game group, i.e. the group of linear transfor- 
mations of the position that is generated by the moves, is a Coxeter group 
for certain N-games. Conversely, every Coxeter group can be represented 
by any member of a whole family of N-games. This family contains the 
canonical geometric representation of the Coxeter group. Almost all phe- 
nomena that came up during the analysis of the games correspond in a 
natural way to well-known concepts in Coxeter group theory. For exam- 
ple, the graph on which the game is played is isomorphic to the Coxeter 
graph of the group. The polygon property of N-games motivates the def- 
inition of a class of axiomatically defined ‘polygon posets’. We show how 
these polygon posets in a simple way correspond to what may be called 
ideals in the weak order of Coxeter groups. 


Keywords: strong convergence, game, numbers game, jeu de taquin, gree- 
doid, polygon property, Perron-Frobenius theory, decidability, reachability, Cox- 
eter groups, weak order, bruhat order, polygon poset, geometric representation, 
generalized quotient 


Sammanfattning 


Amnet for denna avhandling ar kombinatoriska enpersonsspel sadana att om 
det finns nagot satt for spelaren att ta sig fran en given startposition p till nagon 
slutposition ¢ pa, sag, n drag, sa kommer han alltid att hamna i slutposition ¢ 
och alltid efter n drag. Ett sadant spel kallas starkt konvergent. Avhandlingen 
har i stora drag foljande innehall. 


e Jag visar att stark konvergens ar ekvivalent med den till synes svagare 
polygonegenskapen och behandlar bade gamla och nya exempel pa starkt 
konvergenta spel. 


e Framfor allt undersoker jag talspelet som uppfanns av S. Mozes 1987. 
Det spelas pa en graf med reella tal utplacerade pa noderna. Ett drag 
gar till sa att man valjer nagon nod med negativt tal pa (om sadant 
existerar, annars ar det en slutposition), sedan adderar man detta tal 
till grannodernas tal och slutligen byter man tecken pa det valda talet. 
Spelet kan generaliseras till viktade grafer, med vikter pa bade noder och 
kanter. Jag ger en karakterisering av vilka viktade talspel som ar starkt 
konvergenta. Kalla dessa spel N-spel. Spraket av legala dragfoljder fran 
en given startposition visas vara en greedozd for alla N-spel. En diskussion 
agnas at fragan om det gar att avgora huruvidaen given position g kan nas 
fran en annan given position p. For vissa fall visar jag avgorbarhet. Jag 
klassificerar mangden av grafer pa vilka det existerar periodiska spel, dvs 
grafer dar nagon position kan uppkomma flera ganger, Likasa klassificeras 
alla grafer dar man kommer till en slutposition fran varje startposition. 


e Det finns starka samband mellan (starkt konvergenta) talspel och Cox- 
etergrupper. Spelgruppen, dvs den grupp av linjara transformationer av 
spelpositionen som genereras av dragen, ar namligen en Coxetergrupp 
for vissa N-spel. Omvant kan alla Coxetergrupper representeras som 
spelgrupper. Bland dessa representationer aterfinns (latt omtolkad) den 
kanoniska geometriska representationen av Coxetergrupper. Sa gott som 
samtliga begrepp som studerades 1 samband med talspelet motsvaras 
pa ett naturligt satt av valkanda begrepp inom teorin for Coxetergrup- 
per. Till exempel ar grafen som spelet spelas pa isomorf med spelgrup- 
pens Coxetergraf. N-spelens polygonegenskap motiverar klassen av poly- 
gonpomangder. Dessa polygonpomangder motsvarar pa ett enkelt satt 
tdealen 1 svaga ordningen hos Coxetergrupper. 


Nyckelord: stark konvergens, spel, talspelet, jeu de taquin, greedoid, polygo- 
negenskapen, Perron-Frobenius sats, avgorbarhet, nabarhet, Coxetergrupper, 
svaga ordningen, bruhatordningen, polygonpomangd, geometrisk representa- 
tion, generaliserad kvot 


Contents 


Preface 


I Strong convergence 


1 What is strong convergence? 


1.1 
L.2 
1.3 
1.4 


Combinatorial games... . 1... 2. 
A characterization of strong convergence ............. 
Game languages ... 1... 2. ee ee 


Greedoids ........... 00. eee ee ee 


2 Examples of strong convergence 


2.1 
2.2 
2.3 
2.4 
2.0 
2.6 
2.0 


The bubble-sort game .................00.0 004 
The shelling game ............ 002.0 ee eee enes 
The &-snake game .. 1... we ee 
The chromatic game ........... 0.000 ee eee ees 
Jeu-de Taguines: «a. a a &.% & Sou Gow a A we GS EES SS OS 
The chip firing game ............ 2.2.0.0 eee eine 
The poset core game ... 1... 0. ee et es 


II The numbers game 


3 The 
3.1 
3.2 
3.3 
3.4 
3.5 
3.6 
3.7 
3.8 
3.9 
3.10 


numbers game and strong convergence 

HIIGUGRY: 4-6-3, hk BA eR AS ee es ee ee 
THE TINGES: 4-0. §-% GS ed eh de eh Oh, Em Be SR 
Strong convergence... 2... 0... ee 
The edge weighted case ............. 00000000 | 
Divergence: 24444 44¢-6442% 42 63-624, 0 234.6444 85 
Characterization of E-games...............0000. 
The general case... 1... ee 
When is (ryt---)n = (yty--)\n? 2 ee 
Divergence- < 24 4.438 4 dee bee a em hee Be eX 
Characterization of N-games...............02.000- 


ill 


JID PW WH 


iv. Contents 


4 The language of legal play 41 
4.1 The language of legal play... .......0...02.....0... 41 
4.2 When isa= fin an E-game?.................-.. 44 
4.3 The comparison theorem..................004. 45 
4.4 The language of legal play is a greedoid ............. 48 

5 Deciding reachability 50 
5.1 The Perron-Frobenius theorem .................. 50 
5.2 The Moore-Penrose pseudoinverse ................ 51 
oo “Lhe shot vector: 2.650444 ¢4 2$04% 444608546 &o@8 ol 
9.4 Reachability is decidable for rational positions in Mozes games 52 
0.0 A game where allp,p —0. .. 2... 2. ee 54 

6 Classification of finite games and looping games 56 
6.1 Looping U-games...........0. 2.2.00 002 eee ee 06 
6.2 Loopers have largest eigenvalue2................4. a9 
6.3 Looping E-games ...... 2... 2.0... 2 eee ee ee 60 
6.4 Symmetric weights .........0.0. 0.000 eee ee eee 61 
6.5 Nonsymmetric weights ........... 0.20002 ee eae 62 
6.6: ‘Looping pames’ «4.67 oe ee oP a dee RAR ee Ee 64 
O.f “Finite: Panes: -& 4 4 a. % Gk a ie Sl BoE SS 65 
0:8 Looping N-games: + « 6 a eau eh eee Re SU ow wR we eS 67 
6.9: “Thesdual. -B-game: s: os dt Swe ee eR Re OD 68 

III Coxeter groups and the numbers game 73 

7 Coxeter groups 75 
TA. Coxeter: BrOUpS: 4 gise ce Yh wow Geta de Se Fe Oh gs Ge (6s) 
7.2 Words in the generators ...............-.2..0.004. 76 
7.3 Weak order and Bruhat order ................... 77 
7.4 The canonical geometric representation ............. 18 


8 Connections between Coxeter groups and the numbers game 79 


8.1 Every E-game represents a Coxeter group ............ 19 
8.2 Basic connections... .. 1... ee ee 80 
8.3 Geometry of games and groups .................4. 81 
8.4 Finite groups and affine groups — subloopers and loopers.... 84 
8.5 Groups of general N-games ................2004 85 
9 Polygon posets 88 
Osi: AIMGEOGUCUION. 2:14 1618-8 wl ob AES ert EE a eS wre S 88 
9.2 Polygon posets and the weak order ................ 89 
9.3 The weak order isasemilattice ...............0.. 91 
9.4 Polygon posets are ideals in the weak order ........... 92 
9.5 Polygon posets and generalized quotients ............ 95 
9.6 The Bruhat order on polygon posets ............... 97 


9.6.1 Counterexample to the chain property .......... 98 


9.6.2 Counterexample to directedness.........., 
9.7 Sharp quotients................2.0 00048. 


9.8 FSA recognizes reduced words of superhexagonal groups... . 


9.9 Position posets and the numbers game .......... 


Bibliography 


Contents v 


v1 Contents 


Preface 


A day in June, 1988, I met with Anders Bjorner — the professor in discrete 
mathematics at KTH — for the first time, in order to ask him for an idea to 
a MSc thesis. He told me about strong convergence and the numbers game of 
Mozes, and then he wondered if I could find something new to say about it. 
We decided to meet again after the summer. 

The day before the second meeting I realized, to my horror, that I had come 
up with nothing new, absolutely nothing. I was a complete failure. But that 
same night, while scribbling down some loose thoughts as always, I suddenly 
saw how I could prove the ‘comparison theorem’ (Section 4.3 in this thesis). 
The next day, I (who had always counted on ending up as a programmer) 
found myself discussing with Anders about the possibility of becoming a PhD 
student in discrete mathematics. The original problem has followed me all the 
way, emerging now in this PhD thesis on strongly convergent games in general 
and the numbers game in particular. 

The thesis consists of three parts. Part I contains an investigation of the 
concept of strong convergence and the equivalence to what I call the polygon 
property. Then I give quite a few examples of strongly convergent games. 

Part II, the bulk of the thesis, is a very detailed analysis of the numbers 
game, which is a strongly convergent combinatorial game that was invented by 
S. Mozes in 1987. All results are essentially derived originally by me, though 
in some cases Mozes or Bjorner has done similar things. 

In Part III, I connect the theory for the numbers game developed so far to 
the theory of Coxeter groups. A reader familiar with Coxeter groups will most 
likely recognize connections already when reading Part II, but here they are 
worked out in detail. 

When reading this text one must be aware of the convention for references 
to theorems and such. Inspired by James Humphreys’s book Reflection groups 
and Cozeter groups, every chapter is divided into sections, and each section 
contains at most one theorem, one proposition, one lemma and one corollary. 
Thus, when I refer to Lemma 3.4, I mean the lemma that is stated in Section 
3.4, which is the fourth section in Chapter 3. 

Mathematical research is, in principle, a very lonely occupation. However, 
to be successful you need other people too, to give you advice, to read what 
you have written, to pay your salary, or to just cheer you up. I would like to 
express my gratitude to all those who have helped me in any of these ways. 
The following people are some among them. 


Vil 


vill Contents 


I am obviously indebted to my supervisor Anders Bjorner for introducing 
me to the subject and for his help and support, including meticulous proof- 
reading, throughout the work. I also want to thank my father Henrik Eriksson 
for countless discussions of mathematics (mainly at night) ever since my child- 
hood, and my brother Viggo Kann for solving all my IATpX problems. I am 
grateful for the caring I experienced last week, when I was still at KTH well af- 
ter midnight and Cecilia Lindemalm brought me a thermos of tea. The money 
donated to the faculty of Engineering Physics by Goran Gustafsson has paid my 
salary. Finally, if it wasn’t for my best friend and colleague Johan Karlander, 
I would probably never have considered being a PhD student in mathematics, 
and I would certainly have laughed less during working hours (though maybe, 
just maybe, I would have worked more)! 


Kimmo Eriksson 
Stockholm 
March 19, 1993 


Part I 


Strong convergence 


Chapter 1 


What is strong 
convergence? 


In this chapter we give a survey on the subject of strong convergence. 


1.1 Combinatorial games 


The bibliography on combinatorial games is quite large. A. S. Fraenkel has com- 
piled a list of 430 published papers on this subject [28]. He uses the following 
definition of a combinatorial game: a 2-player game with perfect information, 
no chance moves and outcome restricted to (lose, win), (tie, tie) and (draw, 
draw) for the 2 players who move alternately. But, as he remarks, games which 
break some of these rules are still often to be regarded as combinatorial games; 
what is important is the combinatorial flavor. 


In this thesis, our notion of combinatorial game will be a perfect information 
1-player game without chance, with a (possibly infinite) set of positions, where 
in each position a finite number of moves are possible, each leading to some 
position. If no move is possible, then the game has ended and we refer to such 
a position as terminal. 


It is for this class of games that the concept of strong convergence (defined 
in the next section) is relevant. Chapter 2 contains some examples of games 
of this type: the shelling game, the chromatic game, the chip firing game, the 
Jeu de Taquin, the bubble-sort game and the k-kernel game. From Chapter 
3 and onwards it will be a one-game show by the numbers game, but let us 
already here introduce a simple version of the numbers game, since it is such an 
illustrating example of the kind of combinatorial games that we discuss here. 


The game board is a graph, and a position is a distribution of numbers on 
the nodes. For example: 
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[ O—E 


Every negative number represents a possible move, which consists of adding this 
negative number to all neighbors and then reversing the sign of the number. In 
the position above there are two moves possible: either we play the -1 or the 
-2. The positions obtained in this way are respectively 


@) a) 
Le @ iwc @ 


In each of these positions only one move is possible. Playing this one move 
gives, in both cases, the position 


ec Se 


Here no move is possible so it is a terminal position and the game ends. From 
this game it should be clear what we are talking about: the set of. positions 
is in this case the infinite set of all distributions of numbers on the nodes, the 
terminal positions are those where no number is negative, and the set of moves 
is for every position in bijection to a subset of the nodes of the graph, hence 
finite. No information is hidden and no chance is involved. 

Clearly, a combinatorial game in our sense can be represented, with no loss 
of information, by the game-graph, whose nodes are the positions in the game 
and whose edges represent the moves, such that (p,q) is an edge if there is a 
move from p to q. 

But it is often useful to consider also the illegal moves. As Fraenkel says 
in the foreword to his list of references: “the most interesting things seem to 
happen when one breaks the rules”! 


1.2 A characterization of strong convergence 


The example of a run in the numbers game from the previous section had 
the special property that whatever the choices we made, we reached the same 
terminal position. The relevant portion of the game-graph looks like this: 


Section 1.2. A characterization of strong convergence 5 


isc @ 


foo” 
\ jp 


ec @) 


This illustrates the key issue in this whole thesis. 


Definition. A game is said to have the strong convergence property if, given 
any starting position, either every play sequence can be continued indefinitely, 
or every play sequence will converge to the same terminal position in the same 
number of moves. 


It is clear that a strongly convergent game must have the following property. 


Definition. A game is said to have the polygon property if, given any position 
where two different moves, xz and y, are legal, either there are two play sequences 
of the same length and beginning with z and y respectively that result in the 
same position, or there are two such play sequences which can be continued 
forever. 


The ‘polygon’ that is referred to in the name ‘polygon property’ is the 
polygon shape in the game graph that the two play sequences, if finite, build 
up. Thus, we may equivalently define strong convergence as a property of 
directed graphs. 

We will now prove that the strongly convergent games can indeed be char- 
acterized as the games having the polygon property. 


Theorem. (Polygon Property Theorem) A game has the strong conver- 
gence property if and only tf it has the polygon property. 


PROOF (=>) Suppose we have a strongly convergent game and a position where 
two different moves, x and y, are legal. By strong convergence, either all play 
sequences lead to the same terminal position after the same number of moves, 
or all play sequences can be continued indefinitely. In particular this holds for 
play sequences beginning with z or y, thus verifying the polygon property. 
(<=) Suppose we have a game which has the polygon property. We shall 
prove that if there is a play sequence from a position p to some terminal position 
t, then all play sequences from p eventually reach t, and in the same number of 
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moves. Suppose not. Then there is some shortest possible pair of equally long 
sequences, say of length k, such that they start from the same position p, that 
one sequence begins with, say, x, and leads to some terminal position t, while 
the other sequence begins with, say, y, and does not lead to ¢. Since we have 
chosen the shortest possible such pair, no sequences from p beginning with y 
can lead to t in k moves, while all play sequences beginning with z must lead 
to t in k moves. This obviously contradicts the polygon property. QO 


The idea is of course not brand new. Newman [36], 1942, shows a ‘theorem 
of confluence’, which says that if a finite directed graph is such that any two 
outgoing edges from a node are beginnings of a pair of directed paths with com- 
mon endpoint, then every connected component has a unique sink. In a paper 
on ring theory by Bergman [4], 1978, this is referred to as the ‘diamond lemma’. 
Faigle, Goecke and Schrader [27], call this same object a ‘Church-Rosser sys- 
tem’, when discussing decomposition of finite combinatorial structures. When 
all maximal decomposition chains are of the same length the system is said to 
have the ‘Jordan-Dedekind property’, and they show that this follows if there 
are always meeting paths of length two. There seems to be no precedence for 
the only if part of our theorem. The possibility of infinite paths and infinite 
graphs, while we demand equal length of all finite maximal paths, is natural 
and is, in our opinion, the correct setting. 


1.3 Game languages 


Given an alphabet A, denote by A* the language of all (finite) words over A, 
SO 


Ae {z,09-°--t,:k EN, 2; €A fori =1,2,---,k}. 


Every word a € A* has a length |a| defined by |x, 22---x;| = k, the number 
of letters. The unique empty word is denoted by ¢, and |e| = 0. Any two 
words, say a = 2,---2; and 8 = y; --- yz, can be concatenated to a new word: 
of = 2, +2; Y1 ++ Ye. 

There are several possibilities to define a game language from a given po- 
sition p in a combinatorial game. One obvious choice is the language co 


consisting of words in the alphabet of positions, such that pjpo---pr € cs» if 
there is a sequence of moves that visits in turn the positions p, po,...,DPr- 

Another option is to define the language ce?) over the alphabet of moves, 
such that (p, p1)(P1, P2) ---(Pk—1, Pk) € ee if this is a sequence of legal moves. 
There is an obvious relationship between cy and cy). Also, both have the 
property that words can contain the same letter more than once only if the 
game goes in a loop. 

Often, however, there will be some canonical way to label the moves using 
a finite set, say A, of labels, so that different moves, e.g. (pi, p2) and (ps, ps), 
may have the same label, but with the condition that in any particular position 
there is at most one move possible of each label. For example, in the numbers 
game it is natural to label each move by the node whose number we choose to 
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play. Let £, be the language of words in A* such that words correspond to the 
play sequences from p. It is clear that words in £, may in general contain the 
same letter several times. 

We introduce the equivalence relation = on the words of L,, by a = 6 if a 
and 2 both result in the same position when played from position p. 

Let us now look at the game language C, for a strongly convergent game. 
In such a game there is either a unique terminal position ¢t such that all play 
sequences from p reach t in the same number of moves, or else no terminal 
position at all can be reached from p. 

In the first case, £, would consist of words of length at most n, where n is 
the number of moves in a play sequence from p to t. Since every word in Ly of 
length n is a play sequence that leads from p to t, we have that a = @ whenever 
|a| = |8| = n. Every shorter word in £, can be extended, by adding letters to 
the end of the word, to a word in L, of length n, since ¢t was the only terminal 
position. In the second case, there is no maximal length of words in the game 
language. Indeed, every word in £, can be extended, by adding letters to the 
end of the word, to a longer word in Lp. 

In both cases we can state the following condition: 


if a, 8 € Ly, where |f| > |a| then dz € A such that az € Ly, (L) 


which is a formal way of expressing that every word that is not of maximal 
length can be extended. 


1.4 Greedoids 


In 1980, Korte and Lovasz defined a class of languages, called greedoids, with 
motivation from combinatorial optimization. For all details we refer to their 
book [33], or to the introduction to greedoids by Bjorner and Ziegler [13]. The 
original greedoids were languages without repeated letters, but in 1982 Bjorner 
suggested working also with greedoids without this restriction, as we will do 
here. Then the definition is as follows. 


Definition. A language CL is a greedoid if it is left-hereditary, which means that 


ayEL>a>aeEl (G1) 


and if L also satisfies the following exchange condition (stronger exchange con- 
ditions may sometimes apply): 


a,BEL,|B|> lal > are B:arEel (G2) 


Now we tie this together with the game language CL, for a strongly con- 
vergent game, which was defined in the previous section. It follows from the 
definition that L, is left-hereditary: of course every beginning of a legal play 
sequence is also a legal play sequence. The second condition, (G2), is similar to 
condition (L) except that the letter x that is used to extend the shorter word 
a must in (G2) be a letter in the longer word , while (L) only says that there 
exists some letter x in the entire alphabet which can be used to extend a. In 


8 Chapter 1. What is strong convergence? 


many cases, though, the stricter condition (G2) holds. For example, we will 
see that this is so for the chips game and the numbers game. 

Greedoids got their name from their relationship to greedy algorithms. 
These are algorithms that solve combinatorial optimization problems greedily, 
i.e. without backtracking. Algorithms play a part also in connection with 
strongly convergent games. Playing a strongly convergent game can be viewed 
as executing an algorithm that results in a certain terminal position ¢ for any 
given input p, i.e. the result is well-defined despite an apparent freedom of 
choice in the course of the algorithm. Conversely, every algorithm of this kind 
can be regarded as a strongly convergent game, as some of the examples in the 
next chapter will illustrate. For now, we are content with pointing out that the 
Kruskal algorithm for finding a minimal spanning tree in a weighted graph — 
a well-known example of a greedy algorithm — is almost a strongly convergent 
game. 

In every step of Kruskal’s algorithm, a legal move is to choose any edge of 
minimal weight such that it does not form any circuit with previously chosen 
edges. Of course, since a terminal position is a spanning tree, every play 
sequence to a terminal position will be of the same length, namely the number 
of nodes in the weighted graph minus one. However, the terminal positions 
are only equal in the sense that they have the same weight; there may well be 
several different such optimal trees. 


Chapter 2 


Examples of strong 
convergence 


In this chapter we give a sample of strongly convergent games and discuss their 
combinatorics. 


2.1 The bubble-sort game 


Bubble-sort is a very natural algorithm that sorts a list of n real numbers in 
O(n”) steps. It works by repeatedly running through the list and changing 
places between pairs of adjacent numbers in the list where a larger number 
comes before a smaller. The name comes from the small numbers “bubbling 
up” to the front of the the list. 

We shall see how this may be regarded as a combinatorial game. A position 
is here a list (a1,@2,...,a,) of real numbers. A legal move is changing the 
places between two adjacent numbers, say a; and a;4;, if they are in the wrong 
order, i.e. if a; > aj41. Label this move by 7. If the initial list is (5, 17, 5, 3) 
then the game graph will look as follows: 


(5 17 5 3) 
a 3 
(5 5 17 3) (5 17 35) 
3 \? 

(5 5 317) (5 3 17 5) 
aa a 
(53 5 17) (3 5 17 5) 
“PS re 
(335 5 17) 


We could have guessed the terminal position in advance; it is exactly in the 
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unique sorted list that no moves are legal. We could also have told beforehand 
that every play sequence to the terminal position would be of the same length; 
for every move the number of pairs (a;,a;) such that a; stands to the left of a; 
while a; > a;, will decrease by one. In fact, this is a well-known quantity: the 
inversion number of the multiset permutation (a), d2,...,a@,). Anyway, by this 
extremely simple combinatorial argument we have shown that the bubble-sort 
game is strongly convergent (and that the case of infinite games cannot occur). 

But it is also nice to see the Polygon Property Theorem work in this simple 
context. To prove strong convergence using this method we need to show that 
if two moves, 1 < j, are legal then there exists a polygon built up from two 
play sequences starting with 7 and 7 respectively. Suppose first that i<j — 1. 
Then it is clear that the moves 7 and 7 can be performed independently, i.e. 
we have a polygon such as 


(5 3 17 5) 


ee ae | 


(5 35 17) (3 5 17 5) 


es, eee 


(3.55 17) 


In the other case, when i = 7 — 1, the moves are not independent. Instead, we 
always get a polygon such as 


(5 17 5 3) 
2 NS 
(5 5 17 3) (5 17 35) 
3 \? 
(5 5 317) (5 3 17 5) 
a 3 
(5 3 5 17) 


Thus we have shown the polygon property and hence strong convergence of the 
bubble-sort game. Note that, unfortunately, this method does not give us the 
information that the game is never infinite. 

Note also that the bubble-sort game on a list of n numbers (a), ..., a) is 
isomorphic to the numbers game played on a graph with n — 1 nodes, where 
the number on node 7 is the ith difference, a; — a;4;. This is seen as follows: 
Transposition of a; and aj;4, 1s legal if a; — a;4; < 0, and the new difference 
is —(a; — aj41). The new (i — 1)th difference is a;_, — aj41 which is equal to 
the new number on node 7 — 1 in the numbers game, (a;_; — a;) + (a; — a;41). 
Analogously for the new (i+ 1)th difference. This is really a special case of 
what we discuss in part III; every Coxeter group, such as the symmetric group 
generated by adjacent transpositions, can be modeled by a numbers game. 
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2.2 The shelling game 


The shelling game is played on a pure simplicial complex A, which by definition 
is a collection of subsets of a finite verter set V such that if F € A and GC F 
then G € A. The members of A are called faces. A facet is a face that is not 
properly contained in any other face. The dimension of a face is dim F = |F'|—1. 
The dimension d of A is the maximal dimension of a face. We will assume that 
A is pure, which means that all facets have dimension d. 

For example, a 1-dimensional pure simplicial complex A is a graph with no 
isolated vertices. For all details in this section a good reference is Bjorner [8]. 

A shelling of A is a linear order F,, Fo,..., Fm of the facets, such that 
the intersection of any facet F;, 1 > 1, with the union of its predecessors is a 
nonempty union of maximal proper faces, i.e. faces of dimension d — 1. 

Let a shelling step mean the addition of a facet F;, 27 > 1, to the union 


U;, 2 FLU PQU...U Fe 
such that F; NU; can be expressed as G;,; UGj2U...U Gj, for some k, where 
the G;; are (d — 1)-dimensional faces. Then F, F2,..., Fm is a shelling of A if 
and only if adding the facets F),..., Fj, in turn are proper shelling steps. 

Topologically, a shelling describes the construction of A by starting with 
the simplex consisting of F; and all its subsets, and stepwise attaching the 
simplices corresponding to the facets Fo, F3,... to the currently constructed 
complex so that the intersection is a (d — 1)-ball or a (d — 1)-sphere. 

In the shelling game, the first move is picking any facet to begin with, and 
then the legal moves are the possible shelling steps. This game is like a solitaire: 
the player’s goal is to shell the entire complex A. This is not always possible, 
but if it is, i.e. if there exists a shelling, then we say that A is shellable. Let 
us look at two examples. 


Above we see two 2-dimensional complexes, A; and Ag. A, is shellable, and 
one shelling is given by the numbers written on the facets, which for the 2- 
dimensional case are triangles. The other complex, Ag, is not shellable. It 
consists of two facets, and when adding the second facet the intersection with 
the first will be {v} which is a 0-dimensional face, while maximal proper faces 
are 1-dimensional. 
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Take another look at A,. It is clear that the player of the shelling game 
cannot fail; whatever shelling step he chooses at each time he will eventually 
have shelled all of A,;. Since the length of such a game will always be equal to 
the number of facets, the shelling game on A, is strongly convergent. 

Can it be so that the shelling game is strongly convergent on all shellable 
complexes? No. The concept we are discussing is known under the name 
of extendable shellability. A complex is extendably shellable if every partial 
shelling can be completed to a shelling. Clearly this is the same as saying that 
the shelling game will never end before the entire complex is shelled, which 
by the above implies strong convergence of the game. And it is known that 
there exist shellable complexes that are not extendably shellable. Below is an 
example, due to Anders Bjorner. 


VARZIEX 


Sy) 
/sS NI 


The complex above has ten triangles, fifteen edges and six vertices (points with 
equal marking are identified). This is a triangulation of the real projective 
plane, and it is not shellable, for homology reasons. For example, no shelling 
step is possible after shelling 10,3,6,9. Check for yourself! 

Now, glue in an additional triangle with vertices d, e, f: 


Then 0,1,2,3,4,5,6,7,8,9,10 is a shelling of this new complex, so it is shellable. 
However, there is still no shelling step possible after shelling 10,3,6,9, so it is 
not extendably shellable. 

Simon [39] has conjectured that the full d-dimensional complex A on V 
(where every (d + 1)-subset of V is a facet) is always extendably shellable. 
Bjorner and Eriksson [9] has shown this to be true for d = 2, and indeed 
that all matroid complexes (see Bjorner [8] for a definition) of dimension 2 are 
extendably shellable. They conjecture that this holds for all dimensions. 

Since extendable shellability of A is equivalent to strong convergence of the 
shelling game on A, the Polygon Property Theorem provides a technique to 
prove extendable shellability. It says that it suffices to show that whenever 
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two different shelling steps, F' and F’, are possible there exist two sequences 
of shelling steps, one beginning with F, the other with F’, that end with the 
same subcomplex of A shelled. 


2.3 The k-snake game 


A tableau is the graphical representation of an integer partition (n = m, + 
m2+m3+---, where m; > m2 > m3 > ---) that one gets by letting each part 
m,; be represented as a row of m; squares. Thus, 


is a tableau with 14 squares representing 5+4+3+1+1. A k-snake is a contigu- 
ous strip with k squares that lives in the rightmost boundary of the tableau, 
such that if it is removed, then what remains is still a tableau. 


a 3—snake 


Li 


not a 3—snake 


The k-snake game for some fixed integer k is played on a tableau by repeat- 
edly removing k-snakes. If there are several k-snakes at any time, one has to 
choose one of them to be removed. The game ends when there are no k-snakes 
left. An example with k = 3 is shown below. 


H 


=> terminal position 


Originally, this game comes from representation theory, where it is known 
to have a unique terminal position, called the k-core, and hence it is strongly 
convergent. We refer to the book by James and Kerber [32]. 

Here, we show a quite elegant way to verify the polygon property. Suppose 
that in some tableau there are two different k-snakes, A and B. If they have no 
squares in common they can be removed independently of each other, in which 
case we have a polygon of length 2. 

If k-snakes A and B do have some common squares, we must have something 
like in the picture below. The lower snake, B, must continue with one square 
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directly to the left of the part C common with A, because otherwise it would 
have a square below the common part and then it would be illegal to remove 
A. Analogously, A must continue with one square directly above the common 
part C. Hence, the tableau that remains when the union of A and B is removed 
contains a copy D of C on the boundary, placed one square up and to the left 
of C. If A is played first, it is now legal to play the snake that consists of D and 
the remaining part of B. If, on the other hand, B is played first, it is then legal 
to play the snake that consists of D and the remaining part of A. All these are 
of course k-snakes. 


D, a copy of C one the part of snake A that is 
square up and to the left not also in B 


the part of snake B that is not 
also in snake A 


a legal snake after removing 
snake B 


a legal snake after 
A is removed 


ae 
TL NSS 
N 


snake B 


Hence, also in this case we get a polygon of length two, so the game is 
strongly convergent. 

The unique terminal position is called the k-kernel of the tableau and has 
some meaning in representation theory. 

There is a generalization of this that can be obtained immediately from the 
proof. Instead of playing on an ordinary tableau, play on the shape obtained 
by gluing together a (left-to-right) reversed tableau with an ordinary tableau. 
The boundary is still only the rightmost part, as indicated in the figure below. 
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The k-snake game on such a shape is strongly convergent, because the proof 
of the polygon property above is still perfectly valid. 

Two particularly interesting special cases should be pointed out. If the 
glued tableau has r rows, and it can be split such that the left tableau has 
row lengths 1,2,...,r, then the game is equivalent to the k-snake game on the 
corresponding pile of circles. See the figure below. 


The boundary is the rightmost part, as indicated with grey. A k-snake is 
legal if removing it leaves no holes in the east/west and north-east /south-west 
directions. The equivalence between the games should be obvious if the circles 
of each row are shifted one half-step to the right relative the row above. 

If the glued tableau has r rows, and it can be split such that the left tableau 
has r rows with lengths of consecutive rows differing by 2, then the game is 
equivalent to the k-snake game on the corresponding triangle diagram: 


Again, the rule is that no holes may arise in the east/west and north- 
east /south-west directions, and the boundary is defined in accordance with 
this. 

Since the k-snake games on glued tableaux are strongly convergent, and 
thanks to the equivalence above, the k-snake games on circles and triangles are 
also strongly convergent. 


2.4 The chromatic game 


Let P(G) be the chromatic polynomial of a simple graph G. P(G) can be 
computed recursively by 


P(G) = P(G\e) — P(G/e) 


where G \e and G/e result from respectively deletion and contraction of an ar- 
bitrary edge e. We can remove any multiple edges that arise after a contraction 
so that the graphs are always simple. The base of the recursion is the edgeless 
graph, where n isolated nodes correspond to a term X”. 
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For combinatorial reasons this yields a unique polynomial, independent of 
the choices of edges, because if the chromatic polynomial is evaluated with A 
the number of colors available the result is the number of possible colorings of 
the nodes such that no two neighbors get the same color. Hence it is tempting 
to formulate the procedure as a strongly convergent game. However, this is 
not quite a trivial matter. What should constitute a position in this game? 
A graph? No, we want to end with a polynomial. A polynomial, then? No, 
from the beginning we have only a graph. The correct objects are multisets of 
labeled graphs. 


Definition. The chromatic game is a game version of the computation of P(G). 
A position in the game is a multiset of graphs where the nodes are marked 
by subsets of {1,2,...,N}, so that for each graph in the multiset the union 
of the node marks is {1,2,..., MN} and the intersection of any pair of marks is 
empty. In the initial position, the multiset consists of a single graph {G}, with 
N properly marked nodes. A move consists of choosing a graph G; from the 
current multiset, choosing an edge e € G; and replacing G; by G; \e and G;/e, 
where the node resulting from contraction of e is marked with the union of the 
marks of the two nodes of e. The game is over when all graphs in the multiset 
are edgeless. 


Theorem. The chromatic game is strongly convergent. 


PROOF We shall verify the polygon property of the game. Suppose we have 
a position where two different moves are legal, i.e. we have a multiset M 
of labeled graphs and two edges a and 6 that are each in some graph in the 
multiset. 

We get three cases to consider. 


e Case 1: a and 6 are in different graphs in M. Then it is obvious that a 
and 6 can be played independently, giving a polygon of length 2. 


e Case 2: a and 6 are in the same graph G, but a and b are not two edges 
in a triangle in G. Let Q be the multiset 


(M\{G})U{G\a\b,G\ a/b, G/a\ b, G/a/b} 


which is the position reached after first playing a and then playing b in 
both resulting graphs. Since, in this case, the contractions and deletions 
commute (G\a\b=G\b\aetc.), Q is also the position reached by first 
playing 6 and then playing a in both resulting graphs. Thus we have a 
polygon of length 3. 


e Case 3: a and 6 are two edges in a triangle of G with third edge c. Let 
Q be the multiset 


(M\{G}) U{G\a\b,G\ a/b/c,G \ a/b\c,G/a\ b, G/a/b} 


which is the position reached after first playing a, then playing 6b in both 
resulting graphs, and finally playing c on G\a/b. See the picture below. 
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Since 
G/a\b=G\b/a\c and G\a/b\c=G/b\a 


and a and 6 commutes in the other three sequences, we get position Q 
also by first playing 6, then playing a in both resulting graphs, and finally 
playing cin G\b/a. In this case we accordingly have a polygon of length 
4 


Hence the chromatic game has the polygon property and thus it is strongly 
convergent by the Polygon Property Theorem. QO 


It is known that the chromatic polynomial may be equal for two graphs 
which are not isomorphic. However, the terminal position of the chromatic 
game, from which the chromatic polynomial can be read off, does uniquely 
determine its initial graph, due to the extra information given by the marks. 
In other words, two graphs which are not isomorphic cannot give the same 
terminal position in the chromatic game. Let us prove this. 

If G and H are not isomorphic then either they are both edgeless, in which 
case they already constitute different terminal positions, or, for any proper 
marking of the nodes of G and H, there must be some pair of nodes, say 
marked 7 and 7, which are neighbors in one graph, say G, but which are not 
neighbors in H. Then we will get some node marked 27 in some graph in the 
terminal position of the game played from G, but it is impossible to obtain a 
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node marked in that way when playing from H. Hence the terminal positions 
are different. 


2.5 Jeu de Taquin 


Schutzenberger [38] introduced a game played on skew partial tableaux which 
he called jeu de taquin. This is originally the French name for the 15-game, 
where 15 squares numbered 1,2,...,15 are placed in a 4 x 4-sized box, and 
the squares can be permuted by sliding one at a time into the empty space. 
The superficial similarity to the game of Schutzenberger gave inspiration to the 
name. 

A partial tableau is a tableau, such as the in the k-snake game, with a 
number in each square such that rows and columns are strictly increasing. (In 
fact, everything in this section holds for weakly increasing rows too, but for 
clarity we stick to strictness.) A skew partial tableau is what you get when 
you remove a smaller partial tableau from the upper left corner of a larger one. 
It is helpful to think of the tableau as extended with squares filled with oo on 
the outside, i.e. the void squares that are below and to the right of the skew 
tableau. 


active squares 


Every such skew Young tableau is a position in the game. An actzve square 
is a void square that has a neighbor in the skew tableau (or an oo-square) 
both directly to the right and directly below. A move consists of the following 
sequence of steps. Choose an active square and move there the neighbor square 
with the least number. Thus we get a hole in the tableau, which we fill in the 
same fashion with the neighbor square with the least number. All numbers are 
considered less than oo. When the lower right boundary is reached, the process 
stops. Clearly this results in a new skew Young tableau. A terminal position is 
when there are no more active squares, i.e. when no void squares exist in the 
upper left corner, which is exactly when we have an ordinary Young tableau. 
One move is shown below. 


x _[sfafis 
vis] — 


As was the case for the k-snake game, the unique terminal position has 
algebraic meaning, as the partial tableau obtained by taking the row word, i.e. 
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the word obtained by reading the rows left-to-right from the bottom row to 
the top row, as input to the Robinson-Schensted algorithm. The interested 
reader should consult the book by Sagan [37]. It should be pointed out that 
if one starts with proving strong convergence like we do here, then it is quite 
simple to derive the theory of the Robinson-Schensted algorithm and Knuth 
equivalence of permutations as corollaries, thus giving a slightly new approach 
to the subject. 


We shall as usual prove that the terminal position is unique by showing 
strong convergence using the polygon property. The polygons will in this game 
be of length 2 and 3. 


Let a and c be two possible moves in a position, 1.e. two different active 
squares, such that a is to the left of (and thus below) c. If no square is moved 
by both moves, then a and c can be played independently, yielding a polygon 
of length 2. Otherwise there is some square f closest to a and c such that f is 
moved both when a and ¢ are played. 


After playing both a and c there must be some active square 6 to the right 
of a and to the left of c. We claim that the pair of play sequences acb and cab 
constitute a polygon. 
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The movement of squares 
when playing cab 


The movement of squares 
when playing 4c 


We claim that the paths of moving squares will always have a pattern as 
above, so that every square is moved equally in the two play sequences. Let 
an arrow path be a contiguous path of left-arrows and up-arrows in a tableau 
of squares, as in the figures. An arrow path A’ is said to run to the left of 
another arrow path A if, in every row visited by both paths, there is one 
square visited by A that is to the right of every square visited by A’ on this 
row. By substituting ‘column’ for ‘row’ and ‘below’ for ‘to the right’, we get 
an analogous definition for when A’ runs above A. 


Lemma. Leta be an active square and A its corresponding arrow path. Let b 
be an active square after a 1s played and let B be its corresponding arrow path. 
If b 1s above a, then B runs above A. Analogously, if b is to the left of a, then 
B runs to the left of A. 


PRooF The first statement follows from observing that no square can be at the 
same time at the end of an up-arrow in A and at the beginning of a left-arrow 
in B. 


B 
Ay : 
This is impossible since the integer that was initially in the lower right square 
would be placed above (and hence be less than) the number in the square it 


was initially to the right of (and hence greater than). The second statement 
follows analogously. QO 
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Now return to the situation where a below b below c are squares such that 
a and c are active and 6 is active after both a and c are played. Let f be the 
closest square that is moved both if a is played and if c is played. Then it 
must be so that playing a would slide f leftwards while playing c would slide 
f upwards. Hence the situation in the vicinity of f is 


a) 
ms 
8 


where the g’s denote squares with numbers greater than f. (Void squares on 
the outside of the tableau may be considered to have infinite content.) 

Now we study the play sequence cab. Then the arrow path A of a will run 
to the left of the arrow path C of c. The arrow path B of 6 will run above A. 
But B will also run to the left of C until it is forced to do otherwise by A, that 
is, until it reaches the square to the left of (the new place of) f. There, after 


playing ca, it will look like 
ee 


where, as above, g denotes a number greater than f. Following the rules, B 
will slide f to the left. From this point on, B will run above C. 

We want to compare this with the play sequence acb. The figure below shows 
what happens in the vicinity of f during the two play sequences. Clearly f 
goes one square up and to the left. The diagonal arrows represent the other 
parts of the arrow paths, and a moment of thought should make it clear that 
they will coincide as indicated by the labels. Therefore, the two play sequences 
give the same result, and hence we have the desired polygon of length 3. 


What about playing jeu de taquin on circles or triangles, in analogy with 
the k-snake game? Yes, it can be done, and the game will still be strongly 
convergent. 
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active Sites 


active sites 


Active sites are void spaces with numbered neighbors both to the right 
(east) and to the lower-left (south-west). Holes are filled with the least of the 
numbers to the right and the lower-left. For the start positions above, the 
terminal positions will be 


As one can see, these games terminate before the upper left corner is filled. 
In fact, for the circle game, the terminal position will always have rows of void 
circles of length differing by 1, while in the triangle game the rows will differ 
by 2. The whole secret is that the transformation between circle diagrams and 
glued tableaux with left tableau of type 1+ 2+.---+ 1 (see Section 2.3), as 
well as the transformation between triangle diagrams and glued tableaux with 
left tableau of type 2+4-+.---+2r, commute with the moves of jeu de taquin. 
In other words, transforming the diagram to a tableau and playing the game 
will give the same result as first playing jeu de taquin on the diagram and then 
pushing everything to the left. | 


2.6 The chip firing game 


The chip firing game is played on an arbitrary directed graph with some chips 
distributed on the nodes of the graph. A legal move is firing a node with at 
least as many chips as outgoing edges. The firing simply consists of moving 
one chip along each outgoing edge. If there are N chips and n nodes, the set 
of positions that are reachable from a given starting position is a subset of the 
ene ~*) possible distributions. Since this is a finite set, every game that is not 
convergent must be looping. 

The first observation one should do is that firing a certain node z has the 
same effect whenever it is done during the game, so the net flow of chips during 
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a play sequence does only depend on the number of firings of each node. So if 
a and # are legal firing sequences such that every node is fired equally many 
times in both, then a = £. 

Bjorner, Lovasz and Shor[11] showed that £,, the language (over the al- 
phabet of fired nodes) of legal play from a position p is a greedoid (see Section 
1.4). This is in fact rather easy to see. We want to prove that if a and ( are 
legal firing sequences, and |a| > ||, then there is some node z € a such that 
Gx is legal. Let xz be the first node in a to be fired more times than it is fired 
in 2, so ~w = @12Q9, where = 1s fired equally many times in qa, and £, and all 
other nodes are fired at most as many times in qa; as in 2. Then the net flow 
of chips to x during the firing sequence a, is at most as great as the net flow 
of chips to x during 8. Hence, since z 1s firable after a;, it must be firable 
also after 3. (As a matter of fact, [11] contains a proof of a stronger exchange 
property. ) 

For the history of this game we refer to the paper of Bjorner and Lovasz 
[10]. Eriksson [22] generalized the game to a mutating graph, where the edges 
that go out from a node is redrawn, according to some predetermined order, 
whenever the node is fired. 

It should be no surprise that the chip firing game is strongly convergent. 
The polygon property is almost evident: since the moves are independent of 
each other, and since any node y # z that is playable before a node @& is 
fired is still playable afterwards (since the number of chips on y cannot have 
decreased when zx was fired, and only the edges from z have been affected by 
the mutation), we have that the play sequences ry and yz constitute a polygon 
whenever both z and y are playable. 


2.7 The poset core game 


In the following example we will deal with partially ordered sets. In a poset 
P, an irreducible element is an element z such that either z covers exactly 
one element in P or else z is covered by exactly one element in P. If one 
removes irreducible elements one at a time, eventually one gets a poset with 
no irreducibles, called a core of P. A theorem by Stong [41] and Duffus and 
Rival [19], which is also proved by Walker [44], says that all cores of a poset 
P are isomorphic as posets. The process of choosing and removing irreducible 
elements can hence be regarded as a strongly convergent game. This is easily 
shown by the Polygon Property Theorem; we will get polygons of lengths two 
and one! 
Suppose zx and y are irreducibles of P. There are three cases to consider. 


framers Remove x or y 
x 
O *. 
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Case 1: x is the only element covered by y and y is the only element 
covering x (or vice versa). Then removing z from P yields a poset that 
is isomorphic to the poset obtained by removing y from P. Thus we have 
a polygon of length one! 


Case 2: x is the only element covered by y but y is not the only element 
covering x. (Analogous cases are treated similarly). Since z is an irre- 
ducible, there must be some element z that is the only element covered 
by x. If y is removed, then z is clearly still an irreducible and can be 
removed in the next move. On the other hand, if z is removed first, then 
y will still be an irreducible because now z is the only element covered 
by y. Thus we have a polygon of length two. 


Case 3: If none of cases 1 and 2 apply, then the irreducibility of z is 
clearly not affected when y is removed, and vice versa, so once again we 
have a polygon of length two. 


Obviously, this can immediately be generalized to all directed graphs. 


Part II 


The numbers game 


Chapter 3 


The numbers game and 
strong convergence 


3.1 History 


The game of numbers was first presented in a problem that was given to the 
contestants of the International Olympiad of Mathematics, 1986: 


Problem. Five integers with positive sum are arranged on a circle. The fol- 
lowing game is played. If there is at least one negative number, the player may 
pick one of them, add itt to its neighbors, and reverse its sign. The game termi- 
nates when all the numbers are nonnegative. Prove that this game must always 
terminate. 


Solving this problem is not hard if one knows what to look for. Number the 
places for the integers consecutively 1,2,3,4,5. Let p; be the integer on place 1, 
for 2 = 1,2,3,4,5. Then the sum of the integers, S = pi} +po+p3+p4at+pDs > 0, 
is an integer invariant during the game. On the other hand, one easily verifies 
that the quadratic form 


Q= (p1 sa ps)° a (po aa pa)’ + (p3 ee Ps)* t (p4 ma pi)* + (ps = p2)* 


changes by 2p;S when the player picks the integer on place 7. Since p; must 
then be a negative integer while S is a positive integer, 2p;S is a negative 
integer, so Q is decreased by at least 1 in every move. But Q, being a sum 
of squares, must always be nonnegative. Hence the game can go on only for a 
finite number of moves. 

What is not obvious from this solution, while nevertheless true, is that 
the number of moves until termination and the terminal position are both 
independent of the choices that the player makes during the game. In other 
words, the olympiad game is strongly convergent. Mozes (1987) observed this, 
and he generalized the game to an arbitrary connected simple graph, where 
every node has a real number (i.e. integers are not mandatory) and any node 
with a negative number may be played in which case its number is added to 
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the number of every adjacent node and then the chosen number has its sign 
reversed. Using Weyl groups of Kac-Moody algebras [35] he proved strong 
convergence of this game, and was also able to algebraically characterize the 
positions leading to games of finite length as the Tits cone of the Weyl group 
in question. 

Bjorner (1988) [7] presented an elementary proof of strong convergence 
based on the polygons (i) zy = yz if z and y are nodes which are not ad- 
jacent, and (ii) zyr = yxy if z and y are adjacent nodes. This proof gave 
the inspiration to Eriksson’s characterization of strongly convergent games as 
polygon games, the Polygon Property Theorem 1.2 in this thesis. About the 
same idea as Bjorner’s was expressed by Alon, Krasikov and Peres (1989) [1]. 

Eriksson (1990) [23] investigated the numbers game from a linear algebra 
point of view, characterizing the looping games and introducing a “dual game” 
which, in a sense, determines the total number of moves in any convergent (i.e. 
terminating) game. 

In the original paper of Mozes was also considered a generalization of the 
game with edge weighted graphs, and strong convergence was shown for certain 
selections of edge weights. Eriksson (1991) [21] introduced weights also on the 
nodes of the graph, and characterized the weighted games with the strong 
convergence property as having the weights of any edge (z,y) in a certain 
spectrum determined by the node weights of x and y. 

The similarities between the chip firing game and the numbers game hint 
at the possibility that the result on decidability of the reachability problem of 
positions of the former game might have some counterpart for the latter game. 
Eriksson (1992) [24] obtained some partial results, but the general question of 
decidability is unsettled. 

The Weyl group approach of Mozes [35] to the numbers game was pur- 
sued further by Eriksson (1992) [26] who established clear connections between 
strongly convergent numbers games and Coxeter groups. The explanation is 
that the polygons (such as ryr = yzy, etc.) of the strongly convergent num- 
bers game correspond to the defining relations (ry) (29) = 1 of the Coxeter 


group. 


3.2 The rules 


The numbers game in its most general form is the node weighted numbers game. 
It is played on an undirected simple graph (i.e. with no loops or multiple edges) 
G = (V, E) which is weighted in such a way that every edge (x,y) € E has two 
positive real edge weights, one in each direction of the edge, denoted by key 
and ky,, and every node z € V has a positive real node weight, denoted by 

w,. See Figure 3.1. 

To each node z is assigned a real number p,, and any such distribution of 
numbers on the nodes of V constitutes a position in the game. A move is made 
by firing a node z, which means that every adjacent node y has its number py, 
increased by the fired number p, multiplied by the edge weight kz,, and then 
the number p, is multiplied by the node weight w, and has its sign reversed. 
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Figure 3.1: The weights of nodes x and y and the edge (x,y). 


In short, firing z gives the new position 


a [= py +kzypr for each neighbor y of z; 
Pr = —WzPr. 


Firing x is a legal move if its number p, is negative. (However, we will some- 
times play illegal moves, i.e. we will fire z even if pz > 0, when analyzing the 
numbers game.) The game is played by successively making legal moves. When 
no legal moves are possible, i.e. when the number on every node is nonnegative, 
we have a terminal position. 

For some weighted graphs, we shall see that the numbers game is strongly 
convergent (Theorem 3.10), and such a game is called an N-game. 

The edge weighted numbers games are those which have all node weights 
equal to 1. Firing a node z in an edge weighted game thus gives 


2 [= py +kcypr for each neighbor y of z; 
Pr ‘= —Pr.- 


A strongly convergent edge weighted game is called an E-game. 

Finally, if both all node weights and all edge weights are equal to 1, we have 
an unweighted numbers game. A strongly convergent numbers game is called 
a U-game. Mozes [35] and Bjorner [7] showed that every unweighted numbers 
game is strongly convergent, and hence is a U-game. Obviously, every U-game 
is an E-game, and every E-game is an N-game. 

A crucial observation one should make already at this stage is that it is 
never legal to play the same node twice in a row. For the edge weighted game, 
firing (illegally) the same node twice in a row gives back the initial position, 
1.e. the firing sequence rz has the same result as the empty firing sequence, 
which is denoted rz = €. 


Definition. The notation a = (2 means that the two firing sequences a and 
f, when played (possibly illegally) from any position p, always give the same 
result. 


We will often describe a position p by the column vector of node numbers 
p € R” with components p,, z € V. Let e, be the zth unit vector, so with 
ordinary matrix multiplication we have p, = e] p. Let kzy = 0 for all pairs of 
nonneighbors z # y, and let kz, = —(1+ wz) for all nodes z. If we define a 
matrix K € R’*” by K = (key)zyev, we can describe the firing of x by 


p:=pt+ K'e,e! p. 
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Hence playing z is equivalent to left multiplication on the position vector by 
the matrix F, = I+ K'e,e], where I denotes the |V|-dimensional identity 
matrix. In edge weighted games playing rz does nothing, so in those games we 


have F2 =I. 


3.3. Strong convergence 


The aim of the following sections is to prove a theorem that characterizes the 
N-games, i.e. the strongly convergent node weighted numbers games. The 
proof is quite complicated: an involved examination of when the game on G 
has the polygon property (see Chapter 1). We will start with proving the result 
for the edge weighted case separately. This is done for two reasons: firstly, the 
edge weighted game can be handled in a more elegant fashion than the general 
case, giving a geometric view of the game; secondly, the overall structure of the 
proofs are similar, so it will be easier to understand the proof for the general 
case once one has penetrated the more transparent proof for the edge weighted 
case. 


3.4 The edge weighted case 


We will use the Polygon Property Theorem 1.2, which characterizes strongly 
convergent games as having the polygon property. We must analyze when 
the edge weighted game has the polygon property, which for the most part 
will follow from study of a simple reflection model. We are interested in the 
following type of results. As before we write a = ( if a and £ are two play 
sequences that result in the same position. 


Observation. zy and yx are both legal play sequences if and only if both z 
and y are playable. If x and y are not neighbors then ry = yz. 


PROOF This follows immediately from the definition of the edge weighted 
game: The number on a node can only decrease, not increase, when another 
node 1s legally fired. If x and y are not adjacent, then firing x does not affect 
y and vice versa, so the order of the moves z and y has no importance. O 


We are now going to investigate when two alternating play sequences con- 
sisting of more than two moves are equal. 


Definition. Let (xyz---), denote the alternating play sequence ryzry--- of 
length n. Let (.-- zyx), denote the alternating play sequence of length n that 
ends with ---yxyz. Note that if n is odd then (zyz---), = (---ryz)n, while 
(zyzt---), =(---yxy)n if n is even. 


Lemma. Suppose krykys = 4cos*a, where 0 < a < m/2. Then there is a 
positive integer n such that (xyz ---), is a legal play sequence while (ryz ---)n41 
ts not a legal play sequence, 1.e. the last move is not legal. 
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PROOF We first show that the numbers on z and y during the alternating 
play sequence can be represented by a point that travels in the plane due to 
repeated reflections. Let Lz and L, be two lines in R?, intersecting at the origin, 
with angle a. Introduce oblique coordinate axes, orthogonal to Lz and Ly 
respectively, and scaled so that one unit on the “x-axis” equals kz, /2 cosa units 
on the “y-axis”. Reflection in L, will take a point with coordinates (pz, py) to 
(—pzr, Py tksypz). Similarly, reflection in Ly takes (pz, py) to (pe +kyzPy, —Py). 
Thus, during a play sequence consisting of only z and y moves, in particular 
an alternating sequence, the numbers on z and y equal the coordinates of the 
point in the corresponding reflection sequence. See Figure 3.2. 

If one bears in mind that consecutive reflections in first D,, then Ly, equal a 
rotation by an angle 2a, it should be quite clear that any starting point will at 
some time during the reflection process ryry--- have been sent to the “wrong 
side” of the line ZL, when z should be played. At this time, the play sequence 
cannot be continued. (Possibly, some y move was illegal earlier.) QO 


Ly 


Figure 3.2: Example of a reflection tn line Lz. 


Let us now compare the positions resulting from two alternating sequences, 
(xyx---), and (yry---)n. When is (ryz---)n = (yzy---)n? Remember that ¢€ 
is the empty play sequence. 


Proposition. Suppose kgykyz = 4cos*a, where 0 < a < 1/2, and suppose 
that both pz and py are negative. Then (ryt--:)n = (yry-::)n, with both 
sequences legal, if and only if a= 7/n. 


ProoF As observed in Section 3.2, playing rz (paying no attention to legality) 
does nothing. Thus (ryz---)n = (yry---)n if and only if (zyz---)an =e. This 
aimplies, in the reflection model, that n consecutive rotations by 2a should 
equal a multiple of 27, and a = 7/n is the only solution that makes the play 
sequences legal. (Draw a simple sketch to verify that this is really so!) 

Now we shall prove that if a = 7/n then the numbers on all nodes other 
than z and y are also identical in the two resulting positions. For any node u, 
during the (illegal) play sequence (ryz---)on the number p, will change by n 
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terms that come from playing xz and n terms that come from playing y. The 
sum of the z terms is kz, times the x-coordinate of the plane vector that is the 
sum of the initial vector (pz, py) and n—1 consecutive rotations of it by 2a. See 
Figure 3.3. Clearly, this vector sum is zero, so in particular the x-coordinate is 
zero. The sum of the y terms is analogously seen to be zero, so the resulting 
value of p,, will be the same as the initial value. Thus (ryz ---)2, does nothing 
and therefore (ryz---)n =(yty---)n. O 


Figure 3.3: The reflected point during the play sequence (ryz---)6, whena = 7/3. 


3.5 Divergence 


Finally, we have to analyze the situation when the weight product kzyky, > 4. 
We use a recursive technique, which will be put to further use later, in the 
analysis of the general numbers game. 


Proposition. If both x and y are playable and kzykyz > 4, then the alternating 
sequences ryzy--- and yxyx--- can be legally continued forever. 


PROOF Assume that kzyky,; > 4, and that both z and y are playable, i.e. 
Xo = pr < 0 and Yo = py < 0. Suppose, without loss of generality, that the 
first move is y. Let X, and Y, be the values at x and y after the sequence 
(yzy---)on. Play out the moves yz to verify that 


Y; — key Xo + (keykyz = 1)Yo 
X1 = —Xo — kyeYo 


and similarly for higher indices. Thus we get the following system of coupled 
recursions. 

Yn = keyXn-1 + (keykye — 1)Yn-1 

Xn = —Xn-1—- fee oo 
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If we eliminate all X, we get a second order recursion for Y,,. 
Y, = (Key kys sacs 2nd — Yn-2 


First note that we have Y; < Yo < 0. Since kzyky, — 2 > 2 by assumption, 
the recursion gives Yp < 2Y; — Yo < Y;. Further application of the recursion 
formula gives generally Y, < Ynj-1. Thus, every Y, is negative and so y is 
always playable after (yry---)on. The argument is similar to show that z will 
always be playable after (yry---)on41, so the alternating play sequence can be 
legally continued forever. O 


3.6 Characterization of E-games 


We now have the means to prove the theorem that characterizes the strongly 
convergent edge weighted games. 


Theorem. The edge weighted game on a graph G 1s strongly convergent if and 
only if for each edge (x,y) of G the corresponding weight product krykyz 1s 
either in the countable set {4cos*(x/n) : n = 3,4,5,...} or in the interval 
[4, 00). 


PROOF (=>) Suppose that for some edge (z, y) the weight product krykyz is less 
than 4 but not equal to 4 cos?(a/n) for any integer n > 3. We want to show that 
there exists an initial position from which we can play in different ways which 
do not lead to the same terminal position, at least not after the same number 
of moves. Choose as starting position pp = py = —1 and py, very big for all 
other nodes u. Then by Lemma 3.4, there are alternating sequences (ryz ---)n 
and (yzy---)m, which cannot be legally continued, thus they result in terminal 
positions. From Proposition 3.4 we deduce that if these two terminal positions 
should be equal, then the two sequences must be of different length. Thus the 
game is not strongly convergent. 

(<=) Suppose that for every edge (x,y) the weight product satisfies either 
keykys > 4 or keykys = 4cos*(m/p(z, y)) for some integer p(z,y) > 3. By 
the Polygon Property Theorem it is enough to verify the polygon property. 
Suppose two different moves, x and y, are legal in some position. Then the 
polygon property follows from Observation 3.4 if x and y are not neighbors, 
from Proposition 3.4 if kryky, = 4cos?(a/p(zx, y)), and from Proposition 3.5 if 
keykyz > 4. O 


This was the easy case! 


Remark. Mozes [35] proved that for any selection of edge weights from the 
positive integers, such that the matrix K is symmetrizable by left multiplication 
with a diagonal matrix D, the game will have the strong convergence property. 
As the theorem above shows, this condition is by no means necessary. 
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Remark. An appealing assignment of weights is one such that we get a con- 
servative game, where the sum of the numbers on all nodes remains constant 
during the game. This kind of assignment will in general not give a strongly 
convergent game. Take for example G to be the tree with three leaves, num- 
bered 1 to 3, all connected to one center node, numbered 4. If we set kj4 = 2 
and ka; = 2/3 for i = 1,2,3, the game will be conservative, but for any edge 
the weight product is 4/ 3, hich is not equal to 4cos?(a/n) for any integer n, 
so the game cannot be strongly convergent. See Figure 3.4. 


Figure 3.4: A weighted graph on which the game ts conservative but not strongly 


convergent. 


Remark. For the reader familiar with the standard geometric representation of 
Coxeter groups, the spectrum of admissible weight products may ring a bell. 
Indeed, the moves of an E-game generate a Coxeter group (see Chapter 8). The 
similarity to the Jones Inder Theorem [29] on von Neumann algebras is even 
more striking. However, connections in that direction is not discussed in this 
thesis. 


3.7 The general case 


We will now try to mimic the line of proof above when proving the general 
theorem, but now, lacking the convenient geometric model, we must dirty our 
hands with computations of the numbers that occur. From our analysis of 
the edge weighted game we know that it is crucial for the strong convergence 
whether or not two alternating legal sequences (ryz---), and (yry--:)n give 
the same result. As before, nonneighbors pose no problem. 


Observation. The play sequences ry and yz are both legal if and only if both 
xz and y are playable. If x and y are not netghbors, then xy=yr. O 


Suppose in the following that we have a couple of neighbors, x and y, with 
numbers pz = X and py = Y, where both X and Y are negative, so both nodes 
are playable. In order to avoid cumbersome notation, set kzy =r, and ky, = q. 
Then wz, wy, r and q are all strictly greater than zero. 

We are interested in what happens with the numbers on the other nodes. 
A node that is adjacent to both x and y can be regarded as the superposition 
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Table 3.1: The numbers on z, y and u when playing ryz--- 


play x play y play x 


Ps 1 -w,  -wetrq w2-werg 
0 0 4 rT 

Py 0 r —Wy?r —Wer — Wyr + r7q 
1 1 —Wy —Wy + 1rq 

Pu 0 keu — keu keu(1 — wz +1q) 
0 0 0 keug 


Table 3.2: The numbers on x, y and u when playing yry--- 


play y play z play y 


Pr 1 1 —We —We +7q 

0 4g —Wrq —Weq — Wyq+7rq’ 
Py 0 0 r —WyP 

1 —Wy —Wy +7q we — Wy?q 
pul X[0 0 ew ke 

0 0 keg hud 


of two nodes that are adjacent to only z and y respectively. For symmetry 
reasons, it will be enough to study a node, say u, which is a neighbor of x but 
not of y. If we play out a few moves of the sequence ryz--- we get Table 3.1. 
Playing in the other order, yry---, we get Table 3.2. 

In analogy with the proof of Proposition 3.5, one directly verifies that the 
value of for example the coefficient before X in the expression for p, on a 
certain column is determined by the two coefficients before X on the column two 
columns to the left. Thus, the coefficients are described by coupled recursions. 
One can then solve for one of the rows, and as in Proposition 3.5 one verifies 
that for each one of the first four rows in Table 3.1 and Table 3.2, the columns 
satisfy the recursion 


Ch = (rq — wz — Wy)Cn-2 — WrWyCn—4 (3.1) 


where C,, is the value of the nth column. The solution of this recursion 1s 

obtained on a nice form after the substitution 

rq — Wr — Wy 
D /istiy 

if the righthand side is strictly between —1 and 1. (Otherwise, leap to Section 

3.9.) Solve, as usual, the characteristic equation of the recursion. Then the 


cos 2a = 


(3.2) 
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general, real, solution can be written 


in Tse, - (We Wy)/4 sin(na + Oeven) if n is even; (3.3) 
"| Koaa : (Wewy)"/4 sin(na + Ooaa) if n is odd. 


We choose Oeyen and Ooaa to be in the interval [—7/2, 7/2). Then the arbitrary 
constants Keyen and Jeyen are determined by the two initial values Cp and Co, 
while Koaq and 6oaq are determined by C and C3. 


Lemma. Suppose krykyz = 2,/WzW,y cos2a + wr + wy, where 0 <a < 7/2. 
Then there exists some positive integer n such that (ryz---), 1s a legal play 
sequence while (xyz ---)n41 1s not a legal play sequence. 


PROooF It is clear from the explicit solution (3.3) of the recursion that Cy, will 
have the opposite sign of Co for some even n. If we take Co to be pz and Ci, to 
be the number on z after (ryz---)m, this means that for some even n, zx will 
not be playable after (xyz ---),. (Possibly, some y move was illegal earlier, in 
which case the longest legal sequence is shorter yet.) O 


Proposition. If kzyky, = 2,/W;Wy cos2a+w,+wy, where a = 1/m for some 
positive integer m > 3, and wz = Wy if m is odd, then (ryz---)m ts legal if 
and only if both p, and py are negative. 


PROOF Let X = p, and Y = py, and let C, for even n be the number at z 
after (xyz ---)n, while for odd n let C, be the number at y after (ryz---)n. 
In particular, Co = X and C; = Y+rxX. Then (zyz---), is legal if and only 
if C, < 0 for all n = 0,1,...,m—1. Playing backwards from the original 
position, we get C_1 = —Y/wy and C_2 = —X/wz —qY/(wrwy). On the other 
hand, the C, obey equation (3.3). 

First suppose that m is even. If C,, < 0 for all n = 0,1,...,m-—1, then 
X = Co < 0 while Y has the opposite sign of C_,;. C_, has the opposite 
sign of Cy,-1, since sin(—7/m + Oo4a) = — sin((m — 1)7/m+ Ooaa). Therefore, 
also Y < 0. Conversely, if X and Y are both negative, then C_2 > 0 > Co, 
so sin(—27/m + Beyen) and sin(Geyen) have opposite signs. Hence 0 < Oeven < 
2x/m. Consequently, all sin(na/m + Oeven) have the same sign, and so all 
Cn < 0, for even n = 0,2,...,m— 2. We also have C_; > 0 > C}, so by the 
same argument all C,, < 0, for odd n=1,3,...,m-—1. 

Now suppose that m is odd and wz = wy, denoted by w for short. If C, < 0 


for all n = 0,1,...,m—1, then all sin(na/m + Oeven) have the same sign for 
even n = 0,2,...,m-—1, which in turn implies that 0 < Oeyen < 7/m. Hence, 
0< sin Peven 1. (3.4) 


SS 
—sin(Geven — 27/m) 
But when w, = wy = w, equation (3.3) gives that 


sin Deven — Co _ x. 
—sin(even —207/m) —wC_2 i as Ly 
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Table 3.3: The difference between Table 3.1 and Table 3.2 


Px 0 —(we+1) rq —(1+ we)(—wz +19) 
0 ~q q(l+wz)  —q(—wy +79) 

Py 0 r —r(1l+wy) r(rq— wz) 
0 l+wy  —rg (1+ wy)(rq — wy) 

Pu 0 Kou 0 kcu(rq — we) 
0 oO —keud 0 


Hence 0 < X/(X + qY/w) < 1, and X = Co < 0 so we must have Y < 0. 
Conversely, if X and Y both are negative, then (3.4) holds, so 0 < Beyven < m/m. 
Then all sin(na/m-+ Oeven) have the same sign for even n = 0,2,..., m—1, and 
Co = X < 0, 80 all C, < 0 for even n = 0,2,...,m—J1. As for the case when 
m is even, C_; > 0 > C}, implies that C, < 0 for odd n=1,3,...,m—2. O 


3.8 When is (ryz---)n = (yry::-)n? 


We want to know when two legal play sequences, (ryz---)n and (yry:--)n, 
give the same result. This is so if the position described by the nth column in 
Table 3.1 is equal to that of the nth column in Table 3.2. To simplify matters, 
we introduce Table 3.3, in which is tabulated the difference between each value 
in Table 3.1 and the corresponding value of Table 3.2. Thus (ryz---), = 
(yzy---), if and only if the nth column of Table 3.3 represents zero values on 
nodes z, y and u. At first sight, it would seem that these values could well 
be zero without the expressions being identically zero, by clever choice of the 
initial numbers X and Y. We will however see that this is not so. Note that 
this will mean that if the two play sequences result in the same position when 
played from an initial position where both X and Y are negative, they will 
result in equal positions from all such initial positions. 

Since the first four rows in Table 3.1 and Table 3.2 obey the same linear 
recursion (3.1), so does every linear combination of these rows, in particular 
the first four rows in Table 3.3. More surprisingly, the fifth and sixth rows in 
Table 3.3 also obey (3.1). This is seen as follows. A look at Table 3.1 and 
Table 3.2 will confirm that corresponding rows are really equal; the rows of the 
first table are simply shifted one column to the left or to the right compared 
to the other table. Therefore the accumulated numbers that u receives in 
(cyz---) resp. in (yzy---) differ only by the term from the last move. The 
result is that in the fifth row of Table 3.3, the even columns will be zero, while 
the odd columns will be k,,, times the value one column earlier in the first row 
of Table 3.1. Analogously for the sixth row. 

Since all rows in Table 3.3 obey the recursion (3.1), we may treat complete 


38 Chapter 3. The numbers game and strong convergence 


columns, viewed as six-tuples, at the same time. The recursion can be used 
backwards to compute columns “to the left of the table”, i.e. with negative 
index. 


Lemma. Let C, denote the nth column of Table 3.3. If wr, = wy = w, then 
w"C_» = —Cy, for odd n. 


PRooF Let wz, = wy = w. The recursion (3.1) can be rewritten as 
w*Cun = (rq =: 2w)C_(n-2) = C_(n~4); 


and it is directly verified that in Table 3.3 we get wC_,; = —C, and w°C_3 = 
—C’3. The statement then follows by induction: 
w'C_» = (rq- 2w)w"~*C_(n—2) — w-?*C_(n-4) (by above) 
= —(rq—2w)Cn_2+w*Cp_4 (by induction hypothesis) 


—C,, (by the ordinary recursion). 


This lemma is needed when we below handle the case where (ryz---)n = 
(yzy---)n and n is odd. 


Proposition. Suppose kgykyz = 2,/WzWy cos2a + wz + uy, where0<a< 
m/2, and that pr,py < 0. Then (xyz---)n = (yty---)n, with both sequences 
legal, if and only ifa=a/n, and, if n is odd, wy = Wy. 


PRooFr We know that (ryz---)n = (yry---)n exactly if the nth column of 
Table 3.3, which tabulates the difference between the positions arising from 
the two alternating play sequences, gives zero values on nodes gz, y and u. 
First, suppose that a = 1/n where n is even. Then clearly the formula (3.3) 
with Co = 0 implies even = 0, and thus sin(na + Oyen) = sin = 0, so C, = 0. 
In words, the nth column in the table is all zeros. Thus (ryz---)n = (yzy---)n 
and these play sequences are legal by Proposition 3.7. 

Suppose now that a = 2/n where n is odd, and suppose further that w, = 
wy = w. Then Lemma 3.8 says that w’C_, = —C,. On the other hand, since 
na = 7 we have sin(—na + Ooaq) = sin(na + Ooaq), so by (3.3) C_, and C,, 
must have the same sign. This is only possible if C, = 0, and we can argue as 
above. 

To prove the converse, suppose column n looks like (v1, v2, v3, U4, Us, V6). 
We want 


Up X + voY == u3.X + v4Y. (3.5) 
Since X and Y are strictly negative, this implies 
U2U3 — U1U4 = 0. 


We begin with the case of even n. From columns 0 and 2 in Table 3.3 we 
see that (1+ wz)v4 = —pv2 and (1+wy,)v1 = —qv3, so in this case the equation 
is reduced to 

[(1 + we)(1 + wy) — rq] - vev3 = 0. 
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By the inequality of the arithmetic and geometric mean we have 


(1+uz)(1+wy)-rq > 2fwry + wz t+ vy — 7g 
> 2cos2a,/weWy + We + Wy —7q = 0. 


Thus we get vov3 = 0. But then vj = ve = v3 = v4 = 0 from equation (3.5) and 
the relations between the rows. We also have vs = 0 and vg = —kzyv1/r = 0. 
The explicit solution (3.3), with Co = C, = 0, immediately gives that a is 
some multiple of 7/n, and evidently a = 7/n is the only legal solution. 

Last, we treat n odd. Columns 1 and 3 in Table 3.3 tell us that (1 + 
wW,)v3 = —rv, and (1 + wy)v2 = —qv4, and by the argument above we get 
V1 = Vo = V3 = V4 = V5 = Ve = VD. Then the phase 6,.gq must be equal for 
all the rows, and thus all rows must be equal except for some constant factors. 
Compare for example the second and the third rows to deduce that this implies 
W, = wy. By Lemma3.8, C, = 0 now implies C_,, = 0, and then (3.3) forces a 
to be some multiple of 7/2n, i.e. for some positive integer c we have a = cm/2n. 
Since we know that there is a change of sign between C_; and C,, c must be 
at least two. Again a = 7/n is the only legal solution. O 


3.9 Divergence 


Proposition 3.5 says that the edge weighted game is divergent if x and y are 
both playable, and the edge weight product kzykyz is larger than or equal to 
4. That result also generalizes to the node weighted game. 


Proposition. Jf both x and y are playable and krykyz > 2,/WeWy + We + 
wy, then the alternating play sequences xyry::: and yryz--- can be legally 
continued forever. 


PROOF The argument in the proof of Proposition 3.5 is easily modified to this 
situation. O 


Finally, we must take care of the case when the substitution (3.2) is impos- 
sible because of the righthand side being less than or equal to -1. This case 
never arises in the edge weighted game. 


Lemma. If x and y are neighbors, and kgykyz < —2,/WzWy + We + Wy, then 
there exists a starting position of the node weighted game from which there 
is one play sequence which terminates in two moves, and another two move 
sequence which does not result in the same position. Hence, the game is not 
strongly convergent. 


PROOF Let r > 0 and q > 0 be asin the tables. Suppose that rg < —2,/wypWy+ 
WwW, + wy. Then at least one of the inequalities rg < wy and rg < wz must 
hold. Assume, without loss of generality, that the latter holds. Take p, = —q, 
Py = —w,z + rq and very large positive numbers on all other nodes. Since 
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rq < w,, both nodes are playable. After the two moves ry the resulting 
position has p,; = 0 and py = wzwy > 0, so it is terminal. On the other hand, 
after the two moves yz, the number on z is pz = wrzq(wz — rg+1) > 0, so the 
resulting position from yz is not the same as from zy. QO 


3.10 Characterization of N-games 
At last all our work will be rewarded. 


Theorem. The node weighted numbers game on a graph G is strongly conver- 
gent tf and only if for each edge (x,y) of G the corresponding weight product 
satisfies either 


keykys > 2,/WyWy + We + Wy 
or 
keykys = 2,/WzWy cos(27/p(x,y)) + We + Wy 
for some integer (xz, y) > 3, and wz = wy if u(x, y) is odd. 


PROOF The proof of Theorem 3.6, modified in the obvious way, goes through. 
O 


Chapter 4 


The language of legal play 


4.1 The language of legal play 


For the rest of this thesis we will be interested only in the strongly convergent 
numbers games, i.e. in the N-games, E-games and U-games. Given an N- 
game on a graph G = (V,£) with edge weights kz, and ky, for every edge 
(x,y) € E and a node weight w, for every node z € V, Theorem 3.10 says that 
for every edge (x, y) such that krpykys < 2,/WzWy + We + Wy, there is a certain 
integer p(z,y) > 3 such that keykys = 2,/WeWy cos(27/p(zr, y)) + We + Vy. 
If keykye > 2,/WeWy + We + Wy, define u(z,y) = oo. For z and y such that 
(2,y) ¢ B, define (2, y) = 2. 


Definition. The function 
p: {unordered pairs (z,y):2,yEV, 2 F y} — {2,3,4,...} U {oo} 
is called the type of (the N-game on) G. 


We shall see that N-games with equal type share many combinatorial prop- 
erties. 


Definition. The language of legal play from a position p on G = (V,F) is 
denoted by CL, and is formally defined 


Ly <I {a € V* :a is a legal play sequence from p}. 


Let ys be the type of G = (V, FE). We shall define a homotopy relation ~ 
on words in V*, dependent only on the type p and not on the specific weights 


of G. 


Definition. First we define a basic homotopy as a Pe (2 if there exist 71, yo € V" 
and z,y € V such that 


a= V1(ryz - ) (x,y) 72 and § = V1 (yry a )u(e,y)72- 
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Then define the homotopy relation = as the reflexive and transitive closure 

of x, le. a® Bifa Pe 3, or if a = £, or if there exists some y such that 
0 

any p. 


Homotopy is clearly an equivalence relation on V*, and, since a ® @ can 
hold only if Ja] = |G|, there are only finitely many words in every homotopy 
class. It is also evident that a © £ implies that y,;ay. % 71872 for 71, 72 € V*. 

Let us now collect the information that was spread out in the previous 
chapter, and give it a concise presentation. Remember that a = @ denotes that, 
from every start position, playing a and playing / results in equal positions. 


Lemma. (N-game Polygon Property) (a) Suppose that p is a position in 
an N-game and thata ® 8 € V* are two homotopic play sequences. If it is 
legal to play a in position p then also it is legal to play , 1.e. 


aELl, &BEL,. 


The play sequences a and £ also result in equal positions, i.e. a = PB. 

(b) If yz € Lp and yy € Ly, then also y(ryz---)ycy) and y(yzy ---)u(z,y) 
are legal play sequences from position p. If u(a,y) = oo, this means that 
y(xyt-++)m E Lp and y(yry---)m € Lp for every positive integer m. 


PRoor (a) If a = £ there is nothing to prove. If a x Bie. ifa = 
Vi (rye -+*)u(x,y)¥2 and B = y1(yry---)y(e,y)¥2, then the result follows from Ob- 
servation 3.7 in case p(x, y) = 2, and from Proposition 3.8 in case p(z, y) > 3, 
since these state that (ryz---)ycy) = (ytY---)u(e,y) and one is legal if and 
only if the other is legal, viz. when both p, and p, are negative numbers 
(Proposition 3.7). Every remaining homotopy a & # can be written as a finite 
sequence of basic homotopies, 1.e. 
engage tant 

which proves the lemma. 

(b) This follows from Observation 3.7 when p(z, y) = 2, from Proposition 
3.9 when p(x, y) = 00 and from Proposition 3.8 when p(z,y) > 3. O 


We shall see that the properties stated in the lemma above gives a way to 
characterize what the language of legal play can look like. 


Definition. Given a graph G = (V, EF) of some type, let R C V* be the language 
such that 

(R1) e ER, and 

(R2) for any x € V anda€e V*, 


arER@ac€ Randa s Pr for any BEV". 


One easily verifies that (R1) and (R2) uniquely determine R, and that R 
is a left-hereditary language, i.e. aB ECR >AER. 

The motivation for introducing R, as the reader might have guessed already, 
is that for every position in the N-game on G, the language of legal play is 
contained in FR. 
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Proposition. £L, C R for any position p. 


PROOF Suppose a € R and z EV. Then, by (R2), az ¢ R only if az = Brz 
for some £, and obviously rz ¢ L, since xz is never playable in a numbers 
game. Therefore we can use Lemma (a) to obtain that az ¢ L,. By (R1), 
€E €R. The result follows by induction on word length. QO 


So, we have that the language of legal play is always contained in R. Is 
this statement sharp, in the sense that there is a position p such that £L, = R? 
The answer is yes: if all nodes are playable in a position p, then L, = R. All 
nodes are playable if and only if all p, are negative. 


Theorem. CL, = R if and only if all pz are negative. 


PRooF If p, > 0 for some z € V then z ¢ L, but x E R, so that direction is 
clear. 

Suppose now that p € RY. Then we have that |a| < 1,a € R implies that 
a € L,. We proceed by induction. Suppose that it has been proved for some 
k > 1 that |a| < k,a € R implies that a € £,. For any « € V and a € R of 
length k such that az € R we must show that az € Lp. 

Let y be the last letter of a. By (R2), y # x. There can be no word y 
such that a © 7(---yry)y(e,y) because then, by definition of homotopy, a © 
¥(-+ > tyz)yu(x2,y), Which contradicts (R2). Let y be the shortest word such that 
as 7(---yry);, for some integer 7. Then j < p(x, y) by above, and of course 
7 € R since F is left-hereditary. Since a itself ends with y, y must be at most 
of length k — 1. 

By construction, y is not homotopic to any word ending with z or y, so by 
(R2) both yx and yy are words in R, and they are of length at most k, so by 
the induction hypothesis they are also in £L,. Then Lemma 4.1 says that 


x(--- LY) u(x,y) ez y(-- YLY) u(2,y) EL, 


and hence, since j < p(z, y), 
Bey cepa ee, 


as we wanted to prove. The theorem now follows by induction. O 


Corollary. The language R C V* can be equivalently defined by 
(R3)a¢€R Saw Prry for some 8,y EV*,rEV. 


ProoFr Ifa € £L, and a & #, then, by the lemma, part (a), also 6 € Lp. 
The theorem above says that R = CL, for a certain position p. Hence also R is 
closed under homotopy. 

Now suppose that a ® Brzry. By (R2), the word @xrz cannot be in R, 
and, since F is left-hereditary, neither can @rry, and, since FR is closed under 
homotopy, neither can a. 
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Conversely, if a ¢ R, then a can be split, thanks to (R1), as a = a’zy 
where a’ € R but a’t ¢ R. By (R2), a’ & Bx for some 8 € V*. Hence, 
as Bxrry. 

We have now proved that R satisfies axiom (R3), and (R3) uniquely defines 
R. QO 


4.2 When is a = £ in an E-game? 


The special thing about E-games is that the moves are their own inverses, 1.e. 
zz = € for any move x. Consecutive repeated letters, such as rz, play an 
important role in the language R. Let us see what the property xz = € implies 
in this context. 


Lemma. In an E-game, ifa ER and x € V, then there exists a B ER such 
that ax = B and |B| = jal +1. 


ProoF If az € R then take @ = az. Clearly, |G] = |a| +1. 

If ax ¢ R then, by axiom (R2), a = Gr for some 2. By (R3), all words 
homotopic to @ is in R, in particular Bz, and hence also £ since FR is left- 
hereditary. Thus ar = Brxr = BER, and |f|=|a|/—-1. OQ 


Proposition. Given an E-game on G=(V, E) with language R. 

(a) Ifa €¢R then some word a’ € R can be obtained by a finite sequence of 
steps consisting of basic homotopies and deleting pairs of consecutive repeated 
letters. In particular, a! =a. 

(b) Ifa@eER and a=e then the only possibility ts a = €. 

(c) Ifa, BER thena=B only ifas Pp. 


PROOF (a) By Corollary 4.1, a is homotopic to Brry for some words 8 and 7 
and some letter x. Delete zz and we have obtained a shorter word. Either Gy 
is in R or we can repeat the process. Since the word is shortened in every run 
of the process, it must terminate in a finite number of steps. 

(b) Play according to a from an all-negative position p. Then a is legal, so 
the number on the last node played must be positive. But a = €, so a leads 
back to p. Thus, no node was played at all, soa =e. 

(c) Suppose, without loss of generality, that |a| > |G| = k, where a, BER 
such that a = 3. We must show that a = 7. Suppose not. Then there is an 
index j < k such that 6 = 212%2---z, and a & y2j41---xz, where 7 F y'x; for 
any 7’ € V*. Since R is left-hereditary, z;22---x; and y are words in R, and 
by (R2) also yz; is in R. Of course a = f implies that y = x1 22---2;. Then 
lyz;| > Jj and 

YC] HS @1TQ° + Lj-1LjL;] = IT1I2°°*@Tj~-1. 


We shall now construct, in 7—1 steps, a sequence of words: 6;,6;-1,...,61 ER 
where 6; = yz; and for every 7 between 7 — 1 and 1, 6; is the word in R such 
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that 6412; = 6; and |6;| = |6;4;|+1, from the lemma above. By construction, 
6) = yejeji1 +8, S21 2Q- + Rj-12j-1°°'°®1 SHE 


and, since the length of two consecutive 6 always differ by 1 in some direction, 
we have |6,;| > j — (j —1) = 1. But this contradicts (b), which says that since 
= 6, E R, the only possibility is 6, =e. O 


4.3 The comparison theorem 


We are going to prove a result of the following content: if p and p’ are two 
positions in an N-game such that p, < p{, for all ze € V then any play sequence 
that is legal from p’ is also legal from p. Since legality of a move depends on the 
sign of the number on the fired node, we need to compare the corresponding 
numbers when playing from p and from p’. Every number that occurs is a 
linear combination of the numbers in the initial position, with the coefficients 
determined by the played sequence of moves. We shall see that the action of 
the moves on these coefficients is similar to the action on the node numbers. 

Suppose that the game is played on G = (V, EF) of type ys. Inspired by the 
geometric model in Section 3.4, let X and X* be dual linear vector spaces (in 
essence R”), where X* will be the linear space of positions on G and X will 
be the space of linear functionals on positions. Let X have basis {e, : x € V}. 
The natural pairing of a position p € X* and an element A € X will be denoted 
by (p, A), such that for every node z 


(D, Ex) = Pr; 


the number on node z in position p. We give X a skew geometry defined by 
the unique bilinear form B that satisfies 


—2B(ez, ey) = ky, 


where kz, = 0 if (x, y) is not an edge, and kz, = —(1+ wz). Hence, the e, are 
not in general unit vectors with respect to B. 
Now we introduce a mapping ¢ : V —> GL(X) by defining, for every x € X, 


the reflection 
def 


Ce = ¢(2)(A) SA — 2Bles, AJes. 


A simple computation gives that ¢, acts on the basis vectors as 


—Wrelr iL eSy: 


Cx(€y) = t, + Reyer if x 2 y. 
We can then define the contragredient action ¢* : V —+ GL(X*) by 


(C"(2)(p), A) = (Pp, 6(#)(A)). 
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We shall see that ¢* works as a geometric representation of the N-game on G, 
i.e. that the position obtained when playing z in position p is ¢*(z)(p). For 
simplicity of reading, we sometimes denote ¢*(x) by ¢* and ¢(z) by ¢,. Then 
, 7 _ J —WePe ft 2S7: 
(Cz (Pp), ey) = (Pp, Ce(ey)) = . +keyPe ifef#y 

when we used the expression for ¢,(e,) above. 

Remember that V* is the set of all words over V, 1.e. the set of all play 
sequences on G (legal or illegal). ¢* is immediately extended to V* by 


C™(a122°--tR) = C" (rE) 0--- 00" (22) oC" (41) 


since play sequences are read from left to right but mappings are composed from 
right to left. Consequently, if a € V*, then ¢*(a)(p) is the position obtained 
when playing (possibly illegally) from p according to a. We still demand that 


(C"(a)(p), A) = (p, 6(@)(A)) 


and this implies the reverse order of composition for ¢: 


C(f1%2°+-2,) = C(21) 0-+-0C(ze). 


Every A € X can be expressed in the basis vectors in a unique way, as 
A = )oczez, where cz € R. If X has coefficients c, and y has coefficients c/,, 
and every cz > cl, then we write A > ». 

Let us now regard the action of ¢(V) on X as a dual game on the set X of 
dual positions. We say that ¢, is a legal move in dual position A € X if ¢,(A) > 
A. We shall prove that the dual game has the same polygon property as the 
initial N-game via an isomorphism to another related N-game, as follows. Let 
G’ be the weighted graph that is isomorphic to G and that has the same node 
weights as G, but with switched edge weights: k,, = kyz. The numbers game 
played on G’ is an N-game according to Theorem 3.10, since the game on G is 
an N-game, and the edge weight products are still the same: k,, ky, = keykyz. 

The next step is to let any element ’ € X be represented by the position 
q on G’ with numbers gq, = B(e,z, A). (If B is degenerate there will not be a A 
for every position on G’, but we will only be interested in having a position on 
G’ for every \.) Then ¢,(A) is represented by the position where the number 
on a node y is 


Bley, Gz(A)) Bley, A — 2B(ez, Ader) 
Bley, A) — 2B(ey, €x) Ble, A) 
—WerIr fr=y; 

° eae if Fy. 


Thus the action of the dual game on X agrees with the N-game on G’. Legality 
is also carried over; playing ¢, is legal in the dual game if ¢,(A) > A, which 
is equivalent to —2B(e,,A) > 0, which in turn is equivalent to gq, < 0, the 
criterion for legality in the N-game. Hence, the polygon property of the N- 
game can be lifted back to the dual game: if ¢, and ¢, are legal, then the 
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alternating play sequences ¢, oy 0¢, 0--- and (y 0€, 0¢, 0--- of length p(z, y) 
are legal. By continuity (all maps are linear), we can change all “<” to “<” 
in the definition of legality and still have the polygon property. This is stated 
below. 


Lemma. If both A < ¢(z)(A) and A < C(y)(A), then 
C(aye ---)5(A) <C(yry---)j41(A) 
holds for allj between 0 and p(z,y)—1. O 


Recall from Section 4.1 that a = £ implies that a = ~, and a = £ is 
obviously equivalent to ¢*(a) = ¢*(@), and hence to ¢(a@) = ¢(£). 


Proposition. Ifa is a play sequence and y and z are moves such that yaz E R, 
then 


C(a)(ez) < C(ya)(ez). 


PrRooF If |a| = 0 then yz € R so y # z and we shall prove that e, < 
C(y)(ez) = ez tkyzey, which is certainly true since ky, > 0. If |a| > 0, let x be 
the first move of a. In analogy with the proof of Theorem 4.1, choose y to be 
the shortest word in R such that az & (xyz ---);yz for some j. Clearly, this 
j must be between 1 and p(z,y) — 1. Also, both zyz and yyz are in R. By 


induction, we have ¢(y)(ez) < ¢(ry)(ez) as well as C(y)(ez) < C(yy)(ez ), so by 
homotopy and the lemma above, we have 


Cla)(ez) = C((zyz---)i7)(ez) 


C((yzy---)j417)(ez) 
C(ya)(ez). 


Il IA 


Corollary. [faz € R then C(a)(e,) > 0. Ifaz ER buta ER then C(a)(ez) < 
0. 


PROOF Suppose that a is the word 21272---x,z. If az € R then by repeated 
use of the proposition above we have 


C(tit2---re)(ez) > C(t2---te)(ez) >... > C(we)(ez) 2 ez > 0. 


If az ¢ R but a € R then a & £z for some Z, by axiom (R2). Thanks to 
closure of R under homotopy, also Bz € R. Thus, e, 0¢(f) > 0. We get 


C(a)(ez ) ¢(Bz)(ez) (by homotopy) 
¢(B) o¢(z)(ez) (by definition) 
C(B)(—wzez) 

Q (by first part of corollary). 


A 
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We are now, finally, prepared to prove the desired comparison theorem. 


Theorem. [f p! (with numbers pi, ) and p (with numbers p,) are two positions 
in an N-game such that p, < pz for every x, then every play sequence that is 
legal from p is also legal from p’. 


PROOF Suppose that a is a legal play sequence from both p’ and p. Let 
az be some legal play sequence from p, so az € R. Then ¢(a)(e,) > 0, ie. 
C(a)(ez) = Docev Cee With all cy > 0. The number on z after playing a from 
p must be negative since az is legal, so 


0 > (C"(a)(P), ez) 
= (p,C(a)(ez)) 


= > CrPr 


rEeVv 


S > ceP’ 


rEeVv 
= (p',C(a)(ez)) 
= (¢*(a)(p'), ez). 


Hence, the number on z after playing a from p’ is also negative, so az is legal 
also from p’. The theorem follows by induction. O 


IV 


4.4 The language of legal play is a greedoid 


Given a start position p in an N-game on a weighted graph G with node set V, 
the legal play sequences define a language L, C V*. 

As we discussed in Section 2.6, it is easily shown that in the chip firing 
game of Bjorner, Lovasz and Shor [11], the language of legal play sequences is 
a greedoid. We will now prove that is so also for any N-game. The proof is a 
lot trickier, though. 


Lemma. Suppose an N-game 1s played on G with node set V. 

(a) Given a subset V' C V, let G’ be the subgraph of G induced by the 
nodes in V’. Then the numbers game on G' is strongly convergent, that 1s, an 
N-game. 

(b) If x ts a legal move and a@ is a legal play sequence in a position p on G, 
such that x ga, then xa is a legal play sequence from p. 


PROOF (a) This is obvious from the characterization of N-games in the previous 
chapter, since the weight product of any edge in G’ is the same as for the 
corresponding edge in G which defines an N-game. 
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(b) Let V’ = V \ {x}. Let p’ be the position after playing x. Then a is 
playable from p|g: (the restriction to G’), and p'|g: < plg, so by Theorem 4.3 
a is playable from p'|g:. Accordingly, ra is playable from p. O 


In the following, fix a subset V’ C V with induced subgraph G’. Let d(a) 
denote the number of moves in play sequence a that are firings of nodes that 
are not in V’. 


Proposition. Let p be a position on G where 8 and a are legal play sequences 
such that d(G) = 0 and d(a) > |a|— ||. Then there exists a play sequence y 
such that d(y) = 0, |y| = |B| — |a|+ d(a) and ay is legal from p. 


PrRooFr If d(a) = 0 we can restrict the game to G’ and strong convergence 
on G’ implies the existence of the desired 7. Suppose the statement has been 
proved when d(a) < n, and consider an a with d(a) = n. Then a can be 
written a,;ya@2 where y ¢ V’, d(a;) = n—1 and d(a2) = 0. By hypothesis 
there exists some y; such that d(7,) = 0, |yi| = |G] — Jar] +n —1 and ayy 
is legal from p. By Lemma (b), a;yy; is legal from p. Let q be the position 
after a,y. In g we have 7; and az legal, d(y,) = 0 and d(a2) = 0 > |ae| — |71| 
by the above. Thus there exists a y with d(y) = 0, such that ayyaoy = ay is 
legal from p, and [| = |ni| —fo2| = [4l-lal+d(a). 0 


Theorem. L,, the language of legal play sequences from position p in an N- 
game, is a greedoid. 


Proor Obviously, £, is left-hereditary, so we only have to verify (G2), the 
greedoid exchange property. Suppose a and @ are legal play sequences with 
|G| > |a|. Let V’ be the set of vertices fired in @. Then d(Z) = 0 and d(a) > 
0 > |a|—|8|, so by the proposition there is a play sequence y of length at least 
1 and firing only nodes in V’, such that ay is legal. Let x be the first move of 
y. Then z € @ and az is legal. O 
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Deciding reachability 


The reachability problem for the numbers game can be formulated as follows, 
with positions represented by vectors of numbers. 


Problem. Given two positions, p and q, in an N-game, decide whether q can 
be reached from p by some legal play sequence. 


One wants to know if this problem is solvable, i.e. if there exists an al- 
gorithm which in finite time decides whether q can be reached from p. For 
general N-games the answer is not known, though it seems reasonable to con- 
jecture that the problem is not solvable. For the special case of E-games with 
integer weights and integral positions we can prove decidability, though. In a 
game where all weights are integers, all positions that are reachable from an 
integral position must themselves be integral. All fired numbers are negative 
integers, so they have absolute value at least 1. To prove that reachability is 
decidable in a more general case it seems that one would need some sort of 
similar lower bound on the size of fired numbers, and this is not possible in 
general, which is shown in the last section. 


5.1 The Perron-Frobenius theorem 


Definition. A matrix (or vector) is nonnegative if all its entries are nonnegative, 
and positive if all its entries are positive. 

Let > be the partial order on real matrices defined by entrywise >, 1.e. if 
A = (az,) and B = (6;,) then A > Bifalla,, > by. Naturally, we let A > B 
mean that A > B but A # B. 

A square matrix A € R”*" (so the rows and columns are indexed by the 
same index set V) is indecomposable if there is no permutation of V such that 


we get a block matrix 
Ai Ao 
0 Az 
where A, and Ag are square, and 0 denotes a zero matrix. 
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A principal submatriz is a submatrix obtained by deleting some rows and 
the corresponding columns. 

Let p(A) denote the spectral radius, i.e. the modulus of the largest eigen- 
value, of a square matrix A. 


The Perron-Frobenius theory on nonnegative matrices, see e.g. the book by 
H. Minc [34], provides us with the following useful theorem. 


Theorem. (Perron-Frobenius) A nonnegative square indecomposable ma- 
triz A has one eigenvector, unique up to multiplication with a scalar, with all 
elements positive. Its corresponding eigenvalue is p(A) > 0, and it is simple. 
No other eigenvector is nonnegative. If B is a principal submatrix of A, then 
p(A) > p(B). If A >B, then again p(A) > p(B). 


The nonnegative matrix that we will study is the generalized adjacency 
matrit A of a weighted graph G = (V,E), whose entries are agy = kyz if 
(x,y) € E and 0 otherwise, and since ky, # 0 implies that kz, # 0, the zero 
pattern of A is symmetric. In this case, A is indecomposable if and only if 
there is no partitioning V = V; U V2 of the node set, such that az, = 0 as soon 
as x € V; and y € Vo. In other words, A is indecomposable if and only if G is 
connected. 


5.2 The Moore-Penrose pseudoinverse 


In the proofs below we sometimes use the inverse of a square matrix. When the 
matrix is not invertible, but positive semidefinite, we use the Moore-Penrose 
pseudoinverse, see e.g. Strang [42] for details. Here, we are content with the 
following special case. 


Theorem. (Moore-Penrose) If B ts a positive semidefinite symmetric ma- 
triz whose nullspace is spanned by a unit vector c, then there exists a pseu- 
doinverse P, such that BP 1s the projection on the column space of B, 1.e. 
BP =I-—cc'. Hence BPB = B. P is also symmetric and positive semidefi- 
nite. 


5.3. The shot vector 


Definition. If pr < 0 and we fire z, we say that the fired number of this move 
is —p,, which is positive. The shot vector of a play sequence from a position p 
is the vector s € RY whose zth entry s, is the sum of all fired numbers from 
node «x during the play sequence. 


Let A € R”*" be the matrix with entries azy = ky if (z,y) is an edge, 
and 0 if (x, y) is not an edge (in particular if « = y). Let W € R”*” be the 
diagonal matrix where the diagonal entries are (1 + w,)/2. 


Lemma. If position q is reached from position p by some play sequence with 
shot vector s, then 


q=p-—As+2Ws. 
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PROOF Playing one move z from p gives the new position 
Pnew = P — As’ + 2Ws', 


where s’ = —p,e,, the shot vector of this move. This is verified simply by 
multiplying both sides by e) for arbitrary y and observing that the result on 
the right side is py + krypz if y# 2, and —wzp,z if y=z. 

Add up the corresponding equations for all moves in the play sequence from 
p to q to obtain: 


q=p—As+2Ws. 


5.4 Reachability is decidable for rational posi- 
tions in Mozes games 


In the paper [35] where Mozes introduced the numbers game, he considered 
only the case when the weights are integers and the edge weight matrix A is 
symmetrizable by some positive definite diagonal matrix. So, let a Mozes game 
be an E-game where all edge weights are integers, and the edge weight matrix 
is symmetrizable by some positive definite diagonal matrix, 1.e. for every x € V 
there is some d; > 0 such that d,kzy = dykyz for all nodes z and y. 

In this section we will restrict our attention to positions where all numbers 
are integers. This is consistent with the rules of a Mozes game, since all numbers 
that appear during play are linear combinations with integer coefficients of the 
earlier numbers, so all appearing numbers will be integers. We shall prove that 
reachability is decidable for integral games. Note, however, that the result then 
holds also for Mozes games with rational positions p and q, since any rational 
position p can be multiplied with some integer c such that cp is integral, and 
by linearity q can be reached from p if and only if cq can be reached from cp. 


Theorem. If p and q are positions in an integral Mozes game, then there is 
an algorithm which in a finite number of steps decides if q can be reached by 


playing from p. 


PROOF Suppose that there exists a play sequence leading from p to q. Thanks 
to Lemma 5.3 we have 


q=p-— As + 2Is, (5.1) 


where s is the shot vector of the play sequence and A is the weight matrix 
defined in Section 5.3. (Since it is an E-game, the node weight matrix W 
becomes the identity matrix I.) Each move z contributes with a positive integer 
to s,, the zth component of s, so the length of the play sequence is bounded 
by rev Sz. 

Depending on the spectrum of A we have one of three cases. 
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Case 1: A has no eigenvalue equal to 2. Then (A — 21) is invertible, and a 
play sequence from p to q must give a shot vector 


s = (A -2I)"*(p—q). 


s is a possible shot vector only if all its components are nonnegative. If they 
are not, then q cannot be reached from p. Otherwise it is enough to play all 
legal sequences of length )) cy 52. If q is not reached in this way then it is 
not reachable from p. 

Case 2: A has some eigenvalue equal to 2, but p(A) > 2. Then, by the 
Perron-Frobenius theorem on nonnegative matrices, the eigenspace V C RY 
corresponding to eigenvalue 2 consists, except for the zero vector, only of vectors 
v such that v has some positive and some negative component. Let P denote 
R, U {0}, the nonnegative real numbers. Then P” is the nonnegative orthant 
of R”, and VNP” contains only the origin. 

Let t be some solution to q = p— At + 2t. If there is no solution then of 
course q cannot be reached from p. Otherwise, the set of all solutions is the 
affine subspace 


A={t+v:veEV}. 


Only vectors with all components nonnegative are possible shot vectors, so we 
can restrict our study to ANP”, which is a convex bounded set, since A does 
not extend in the infinite directions of P”. An upper bound on the sum of the 
elements of the shot vector of a play sequence from p to q, and hence an upper 
bound on the length of the play sequence, is then 


max Sr. 


This is a standard linear programming problem, and easily solvable. By playing 
all play sequences of this length from p, we can decide whether q can be reached 
or not. 

Case 3: p(A) = 2. Then the matrix 2I — A is positive semidefinite. Using 
the Perron-Frobenius theorem again, we obtain that its nullspace is spanned by 
a vector c with all elements positive. Let D = diag(d,) be the positive definite 
diagonal matrix such that DA is symmetric. Then also 


Q = D(2I— A) 


is a symmetric matrix, and of course it is also positive semidefinite with null- 
space spanned by the positive vector c. Thus Q has a Moore-Penrose pseu- 
doinverse P, such that QP = I-—cc' and QPQ = Q. Let D’ be the inverse 
of D and let P’ be DPD. Then P, and hence also P’, are also symmetric 
and positive semidefinite. We shall study the positive semidefinite quadratic 
form p' P’p on position vectors p, and see that its value varies monotonically 
during the game. Let s’ = (—p,e,), so that firing node x gives 


Pnew = p+ (21— A)s’ = p+ D’Qs’ (5.2) 
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The increment of the quadratic form is 


PrewP’Pnew-P'P’p = s8/' QD’P’D'Qs’ + 28'' QD’P’p 

s'' QPQs’ + 2s’'QPDp 

s'' Qs! + 2s’ Dp — 28’' cc’ Dp 

= pre, (2D —DA)ezpz — 2pre; Dp + 2p,e, cc' Dp 
2d-p; — 2d-p2 + 2pzrce(c' Dp) 

= 2pzc,(c' Dp) 


with the opposite sign of that of c' Dp. 
Now, multiply (5.2) by c'D from the left, to obtain 


c'’Dpnew = c'’Dp+c'DD’Qs' = c' Dp 


since c'Q is zero. Consequently, L e c'Dp is invariant during the game. 
Thus we get three cases: 


e L>0. Let emin = min{c, :z € V}. Then the quadratic form p! P’p will 
decrease by at least 20cmin 1n each move, so we need only play finitely 
many steps until the form equals or passes below q! P’q. 


e L <0. Then the quadratic form will increase by at least 2Dcmin in each 
move, so we need only play finitely many steps until the form equals or 
surpasses q! P’q. 


e L = 0. Then the quadratic form is also invariant, say Q, and there 
can only be a finite number of integer vectors z such that c'z = 0 and 
z' P'z = Q, for although the quadric is only semidefinite, its restriction to 
the hyperplane L = 0 is positive definite, the hyperplane being orthogonal 
to the infinite direction. 


5.56 <A game where all p, — 0. 


We shall here demonstrate a game where the size of the numbers tends to zero. 
This shows that there is no general lower bound for the size of the fired numbers 
during a game, so the method of proof used for the special case in the previous 
section cannot be generalized to numbers games in general. 

We shall play the game on K4, the unweighted complete graph with four 
nodes. Let a = 0.6 be defined by 


at —a® —a*?—a4+1=0. 


Let the initial position be 
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p2 = | 
P32 = a@a-— a? 
pa = ata’? —a?, 


Then p; is negative while po, p3 and p4 are positive, hence only node 1 is 
playable, and firing it gives the new position 


P3 
Pi 
P4 
P2 


= -a 


= a 


= a? — a? 


= l-a=a’*+a°- a’. 


But this is the initial position times a, with the nodes permuted. Consequently, 
every move in the game will give a new position where the numbers are ap- 
proximately of size 0.6 times that of the previous position, so all numbers tend 
to zero as the game continues. This example is due to Henrik Eriksson. 


Chapter 6 


Classification of finite 
games and looping games 


In this section we aim to classify the graphs on which the numbers game is 
always convergent and the graphs on which the numbers game can go in a loop, 
1.e. have recurring positions. We will start with the U-games, then examine 
the E-games and finally say something about the general case of N-games. 


6.1 Looping U-games 


Remember that the U-games are the numbers games played on unweighted 
graphs. By a U-looper we will mean a connected graph on which the same 
position can arise twice in the game, i.e. the game is looping. Clearly, every 
graph on which there is a looping U-game must contain a U-looper as one of 
its connected components, and every such graph has a looping game, so by 
classifying the connected graphs with looping games we obtain all graphs with 
looping games. The U-loopers form a set of graphs of particular interest. The 
following theorem describes all U-loopers, and the lemmas needed for the proof 
show some of their interesting properties. 


Theorem. The two infinite families and the three sporadic graphs sketched in 
Figure 6.1 are U-loopers, and no other U-loopers exist. 


For the two infinite families, the index n denotes the number of nodes minus 
one. The reader may recognize these as the completed unmarked Coxeter 
graphs; see Chapter 8 for the explanation of this connection. 


Lemma. (a) Starting with any position p on a connected graph, all nodes must 
be fired at least once before p can be reached again. 

(b) A connected graph is not a U-looper if there exists a real valued function 
f of the position of the game such that f will decrease when some node is fired, 
but f will never increase. 


06 
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Figure 6.1: The U-loopers. 


(c) For every graph G = (V,E) in Figure 6.1 there is a nonzero vector 
c ERY such that c'p is invariant during the game. These are given by taking 
every cz as the coefficient written beside the node x in the figure. 


PROOF (a) If a node z is not fired between the two occurrences of p, then 
no neighbor of x may have been fired either or the number at z would have 
been decreased. The connectivity assumption implies that no node was fired, 
in which case p was not reached agazn. 

(b) By assumption, firing all nodes implies a decrease of f. If a position p 
had reappeared, we would have f(p) > f(p) which is absurd. 

(c) This follows from the property that for every node, twice its coefficient 
equals the sum of the coefficients of its neighbors. QO 


We say that G = (V, F) is a subgraph of G’ = (V', E’) if both V C V’ and 
E C E’. If Gis a subgraph of G’, we say that G’ is a supergraph of G. 


Proposition. Every connected graph is etther a subgraph or a supergraph of 
one of the graphs in Figure 6.1. 


PROOF All connected proper subgraphs of the graphs in Figure 6.1 are pictured 
in Figure 6.2. It is a matter of easy verification (in fact a nice exercise!) to 
show that every connected graph that is not shown in any of the two figures 
must be a proper supergraph of some graph in Figure 6.1. O 


ProoF [of Theorem] That the graphs in Figure 6.1 are indeed U-loopers is 
verified by playing a looping game on each one of them. In Figure 6.3 is 
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Figure 6.2: The connected subgraphs of the U-loopers. 


given an example for the three-node circuit A», and one sees that it generalizes 
trivially to all circuits. Let c be the coefficient vector of Lemma (c). The truth 
is that the game will loop from any nonzero position p with c' p = 0; for now 
it suffices that for each of the five cases of graphs one can pick such a position 
p and play a looping game. We do not go through the other cases here; the 
reader is urged to try for example FE. 

We will now prove that no other graphs can be U-loopers. For a proper 
connected supergraph G’ of one of the graphs G = (V, FE) above, we can choose 


f(p) = » CrPr- 


reV 


Firing a node y € G’ leaves f unchanged except when y is neighbor to some 
node xz € G while the edge (z, y) € G. In this case f will decrease, all c, being 
positive. With this f, Lemma (b) says that G’ cannot be a U-looper. 

When G’ = (V’, E’) is a proper subgraph of one of the graphs G in Figure 
6.1 we can reason analogously, now with 


f(p) = >> (-cypy). 


yeV’ 


Firing a node y € G’ leaves f unchanged except when y has fewer neighbors in 
G’ than in G, in which case f will decrease, so G’ cannot be a U-looper. O 


LSYS Aw Le 


Figure 6.3: A looping game. 
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6.2 Loopers have largest eigenvalue 2 


As seen in the previous section, a crucial property of the U-loopers was the 
existence of an invariant linear combination of the numbers. We shall see that 
this is related to the maximum eigenvalue of the adjacency matrix A of the 
graph. 


Theorem. A looping game ezists on a connected graph G with adjacency ma- 
triz A if and only if p(A) = 2. 


PROOF (=) By Lemma 5.3, a play sequence from position p with shot vector 
s ends in position 
Piast = p — As + 2s. 


For a looping game we have pjast = Pp, SO we conclude that A has eigenvalue 2, 
and its eigenvector is positive, since by Lemma 6.1 (a) all nodes are fired during 
a looping game. Now the Perron-Frobenius theorem (see Section 5.1) can be 
applied. It says that p(A) is the only eigenvalue with positive eigenvector. 
Accordingly, p(A) = 2. 

(<) Proposition 6.1 states that a graph that is not a looper is either a 
proper subgraph or a proper supergraph of a U-looper. From the rest. of the 
Perron-Frobenius theorem, saying that if B > A then p(B) > p(A), it is clear 
that the adjacency matrix B of any proper supergraph of a looper must have 
p(A) > 2, while the adjacency matrix A of any proper subgraph of a U-looper 
must have p(A) <2. O 


Figure 6.4: A graph disproving that graphs with largest eigenvalue 3 constitute a cut 
in the poset of connected graphs. 


Remark. Consider the poset P of (isomorphism classes) of connected graphs 
partially ordered by G < G’ if G is a subgraph of G’. Then Proposition 6.1 
combined with Theorem 6.2 gives that the set of connected graphs having an 
adjacency matrix A with p(A) = 2 constitute a cut in P. Likewise, the only 
connected graph with p(A) = 1 constitute a cut in P (namely, the single-edge 
graph), and the same is true for the only connected graph with p(A) = 0 
(namely, the single-node graph). One might therefore conjecture that any 
integer in this way generates a cut in P. Sadly, this is not true even for graphs 
with p(A) = 3, since there exists a graph (shown in Figure 6.4) whose adjacency 


60 Chapter 6. Classification of finite games and looping games 


matrix A has p(A) > 3, but which has no subgraph whose adjacency matrix 
has largest eigenvalue 3. 


6.3 Looping E-games 


By Theorem 3.6, an E-game is played on an edge weighted graph G = (V, F) 
such that the weight product kzykyz of every edge (z, y) € EF is either equal to 
4 cos?(4/p(x, y)) for some integer p(x, y), or is in the interval [4, oo). 

G is an E-looper if G is connected and there exists a looping game on G. 
As in Section 5.1, define the generalized adjacency matrir A ER" *" of G by 
A = (dzy)z,yev Where dzy = kzy if (x,y) is an edge in G, and 0 otherwise. 
Then A is nonnegative, and it is indecomposable if and only if the graph G is 
connected. The theory for U-games generalizes nicely. 


Proposition. Suppose that an E-game is played on G with generalized adja- 
cency matriz A. Then G is an E-looper if and only if p(A) = 2. 


ProoF As in the proof of Theorem 6.2, we get 
Plast =p-—As+2s, (6.1) 


where s is the shot vector of the play sequence leading from p to Piast. We can 
follow the earlier proof to obtain that if G is an E-looper, then p(A) = 2. 

For the converse, we shall show that there really exists a looping game 
if p(A) = 2. This is done simply by constructing a position p such that 
there is a legal play sequence whose shot vector is the positive (by Perron- 
Frobenius) eigenvector s of eigenvalue 2. Let s; =e] s, the zth entry of s. The 
construction is as follows. Label the nodes of G by 1,2,3,... in arbitrary order. 
Let pj = —s, < 0. Then node 1 is playable, and playing it gives a shot vector 
whose 1:st entry 1s s;. We proceed similarly, letting 


t—1 
P= -Si + S > kyi8; for 1 = 2,3,4.,... 
j=l 


Then we can play the nodes in order 1,2,3,... and when node 7 is played, the 
number fired will be —s; < 0, so the play sequence is legal and results in shot 
vector s. By (6.1) this is a looping play sequence. O 


Now, let us compute the spectral radius p for a graph consisting of one 


single edge (z, y): 
O key \ _ 
J (i 0 minlanesee 


the largest solution to the characteristic equation A? — kzykyz = 0. Thus, if 
some edge (z, y) in a graph G has weight product kzyky: > 4, then the subgraph 
consisting only of this edge has p > 2, hence Perron-Frobenius says that p > 2 
for G. Therefore, no such graph can be an E-looper, so when we below try 
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to classify the E-loopers, we can forget about graphs with any weight product 
keykyc > 4. In the rest of this chapter, we consequently let p(x, y) = 00 signify 
only the case kgykyz = 4. 

Our aim is now to show that, except for the U-loopers that we have already 
discussed, the E-loopers are exactly the graphs shown in Figure 6.5. Every edge 
(x,y) in the figure is marked by p(z, y), where no mark signifies p(x, y) = 3, 
so the figure really lists a family of types. One can case by case verify that 
every graph G with some type listed in Figure 6.5 has p(A) = 2. The crux is 
to exclude all other graphs. 


Figure 6.5: The E-loopers. 


6.4 Symmetric weights 


We begin with considering only symmetrically weighted graphs. Let p > p’ 
denote that p(z,y) > p’(z, y) for all unordered pairs (x,y), where x # y, and 
that strict inequality holds for at least one pair. 


Lemma. The only E-game graphs G with symmetric generalized adjacency 
matriz A such that p(A) = 2 are those with type depicted etther in Figure 6.1 
or in Figure 6.9. 


PROOF Let G and G’ have types p and p’ and symmetric generalized adjacency 
matrices A and A’. By the Perron-Frobenius theorem, p > p’ implies p(A) > 
p(A‘'). This reduces the problem (of deciding that such a G with p(A) = 2 
must be some graph in the figure) to something that can be done by case-by- 
case analysis. We do not write this out, but give a sketch of how to reason. 
First we show that there cannot be an edge with label m, 6 < m < oo. A graph 
consisting only of such an edge will have p < 2, since an edge labeled oo has 
p = 2. But if any edge is added to such an edge we will have p > 2, since the 
graph G2 consisting of one edge labeled 6 and one unlabeled edge has p = 2. 

Clearly G> is the only graph with p = 2 and some edge labeled 6. 

Then take an edge labeled 5. It has p < 2, but if an edge labeled 4 is added 
we get a graph greater than C2. Thus we can only add unlabeled edges, and 
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after adding a couple of such edges, we again get p > 2 without ever achieving 
p = 2. Hence no graphs with an edge labeled 5 has p = 2. 

With C,, in mind, it is clear that we cannot have three edges labeled 4, and 
if two edges are labeled 4, then only Cy, is possible. 

If there is one edge labeled 4 and the graph has a branching, then B,, is the 
only possibility. 

A path cannot have the edge labeled 4 in the end, since it would be less 
than C,,. Then F’, is the only possibility. 0 


6.5 Nonsymmetric weights 


We begin this section with acquiring a tool for examining the nonsymmetric 
matrices. 


Definition. Let > be a partial order on the set of nonnegative RY *” matrices, 
such that if A = (adzgy)z,yev and B = (bzy)z yev, and A # B, then A > B if 
and only if B is symmetric and azyayz > brybyz for all z,y € V. 


Lemma. /f A > B then also A? > B?. 


PRrooF This is trivial if A = B. Otherwise, B is symmetric, and then also B? 
is symmetric. The other defining property of > that must be verified is in this 


case 
» Agzazy > Aywows 2 > brzbzy aS bywows (6.2) 
zEV weVv zEV wEeVv 


for all z,y € V. By a clever coupling of the terms, the left-hand side of (6.2) 
can be written 


1 
9 ) ) ApzAzyAaywawe + AzwAwyAyz Oz 
zEV wEeVv 


which, by the inequality between the arithmetic and geometric mean, is greater 
than or equal to 


) ) Ag z4zyAywowrdsrw Qwydyz4zr 
zEV wEeVv 


and since ,/az,@,z, > b,, and so on, this is greater than or equal to the right- 
hand side of (6.2). O 


Proposition. Jf A > B then p(A) > p(B). 


Proor If A > B then, by the lemma above, A? > B? and hence A” > B” 
for any n which is a positive power of 2. In particular, the trace of A” must be 
greater or equal to the trace of B”. If the eigenvalues of A are 41, A2,..., p(A) 
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and the eigenvalues of B are 1, f2,..., p(B) we get the following inequality 
for the traces of A” and B”: 


AP +AZ +... + pA) > wi + uy t+... + p"(B) 


Since this is true for all positive powers of 2, we must have the inequality 
between the fastest growing terms, i.e. p(A) > p(B). QO 


It is obvious that we can construct a nonsymmetric generalized adjacency 
matrix B with p(B) = 2 by B = DAD™! where D isa positive definite diagonal 
matrix and A is some symmetric generalized adjacency with p(A) = 2. What 
is not so obvious is that every E-looper can be constructed in this way! 


Theorem. The E-loopers are eractly the edge weighted graphs G of the types 
in Figure 6.1 and Figure 6.5. For any such G with nonsymmetric generalized 
adjacency matriz B there exists a positive definite diagonal matriz D such that 
DBD7~! is symmetric. 


PRooF First observe that multiplying B by D to the left and D~! to the right 
leaves the weight product 6;;b;; of each edge unchanged. 

The graph G must be of one of three kinds: either a tree, a circuit or a 
strict supergraph of a circuit. We shall cover the cases one at a time. For 
convenience, we say that its generalized adjacency matrix B is a tree, a circuit, 
etc. 

Case 1: B is a tree. First note that the characteristic polynomial of a tree 
does not change if we change the weights of the edges but maintain the edge 
weight products, since for any leaf iz the weights 6;; and 6;; can only appear 
together in the characteristic polynomial. By removing one leaf, the statement 
follows by induction. Hence, every tree with p = 2 is a same-edge-product 
weighted version of a symmetrically weighted tree. Number the nodes of the 
tree such that any node 7 > 1 is connected to a unique node i < 7. This is 
possible since B is a tree. Then the weighting is achieved by a diagonal matrix 
D = diag(d;) where d; is chosen positive and d; = d;\/b;;/b;; where 1 < 7 is 
the unique neighbor of j that precedes 7. 

Case 2: B is a circuit. The unweighted circuit A, has p = 2. The fact 
that p(B) = 2 then implies that all edge weight products 6;;b;; = 1, since 
by the proposition above and Perron-Frobenius we get a strictly larger p if 
we increase any edge weight product. A generic B and the corresponding 
unweighted matrix A, with proper numbering of the nodes, would look like 


0 bh oO .. 
; Bn 0 0 1 
7 0 by is 1 0 
0 
= 0 bn—1 
bp 0 1 0 1 0 1 0 
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Computing the difference between the characteristic polynomials for B and A 
we find that the only contribution is from the constant terms. The difference 
is (b1b2--- by + 7) — 2, which of course must be equal to zero if the two 
matrices shall have a common eigenvalue. This implies 6;b2---6, = 1. Then 
B can be symmetrized by a diagonal matrix D = diag(d;), where d; is chosen 
positive, d; = d;_1b;_1 for 7 > 2. 

Case 3: B is a strict supergraph of a circuit. It is clear from Proposition 
6.5 and Perron-Frobenius that p(B) must be greater than 2. Hence B is not a 
looper. QO 


6.6 Looping games 


So, we know which graphs are loopers. However, not every game on a looper 
is a looping game. It depends on the starting position. We shall now find a 
necessary condition on the starting position. Note that symmetry of the matrix 
DBD7~! implies symmetry of D?B, and D? is also diagonal. The proofs that 
we express here are very similar to arguments already done in Chapter 5. We 
repeat them here for convenience, since the context is rather different. 


Lemma. If A is a looper and w' A = 2w', then w'p is invariant during the 
game. 


PRooF Multiplying (6.1) by w! to the left gives, after using the eigenvector 
relation, W' Phew = wip. O 


Proposition. Jf A is a looper, define B = 21— A, where I is the identity 
matriz of proper dimension. Then there ezists a symmetric, positive semi- 


definite matriz P satisfying B'P = D—sw' where w'B = Bs = 0, and D 


is a diagonal matriz such thats‘'D=w'. 


PROOF Since, by Perron-Frobenius, A has a simple eigenvalue 2, zero is a 
simple eigenvalue of B. Let s be the corresponding normed right eigenvector, 
1e. Bs = 0. Let D be the diagonal matrix such that DB is symmetric; thus 
DB = B'D. We know from Theorem 6.5 that such a matrix must exist. 
Let w' = s'D. Then w'B = s'DB = s'B'D = 0. B is positive semi- 
definite, thus DB is symmetric and positive semi-definite, with zero-eigenvector 
s, and hence the Moore-Penrose pseudo-inverse Q to DB exists, such that 
DBQ =I-ss' and Q is symmetric and positive semi-definite. 

Define P = DQD. Thus P is symmetric and positive semi-definite, and 
B'P=D-ss'D=D-sw'. QO 


Theorem. If A is a looper then a game will loop from starting position p only 
ifw'p=0, where w is an eigenvector such thatw' A = 2w'. 
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PRooF Let B,s, w, D be as in the preceding proposition, which then says that 
there exists a symmetric, positive definite matrix P such that B' P = D—sw' 
where D is a diagonal matrix with positive diagonal elements. Then B' PB = 
DB and a move consisting of firing node z is made by 


Pnew = p+ Ba, where q = prez. 


p' Pp is a symmetric positive semi-definite quadratic form. We shall see that 
its value varies very regularly during the game. The change of the quadratic 
form when firing node z is 


Pnew! PPnew —P' Pp = q'B'PBq+p'PBq+q'B'Pp 
= q' DBq + 2q'Dp _ 2q'sw'p 

2d;q7 _ 2d;q7 —_ 2q'sw'p 

= -2(q's)(w'p), 


with the opposite sign of wp. 

Since I = w'p is invariant, the quadratic form p! Pp will increase with 
each move if J < 0, decrease with each move if J > 0 and remain constant if 
I = 0. Since the quadratic form is a function of the position only, the game 
can go ina loop only ifl=w'p=0. QO 


Remark. If w' p < 0 the game will diverge. It can never reach a terminating 
position because every terminating position t has all components nonnegative, 
so w't > 0. In the section on the dual game we will see that the game will 
loop if and only if w' p = 0. Also, if w' p > 0 then the game will terminate. 


6.7 Finite games 


Let us now treat the E-games played on connected graphs of any type such 
that the generalized adjacency matrix A has p(A) < 2. We call such E-games 
E-subloopers. All such are sketched in Figure 6.6. For the weight-symmetric 
case, the list follows from the proof of Lemma 6.4, the characterization of E- 
loopers with symmetric edge weights. Since all these graphs are trees, there 
is a positive definite diagonal matrix D such that DAD~! is symmetric, and 
as in Theorem 6.5, the symmetrization keeps the edge weight products, and 
hence the type, fixed. Hence, when weight-asymmetric, the graphs below have 
the same p as when symmetric, 1.e. p < 2. 

Using a little topology we shall now prove that all games on E-subloopers 
are of finite length. 


Theorem. On an E-sublooper, the game ts always convergent. 


PrRooF Let B = 21-—A. Since p(A) < 2, the matrix B is positive definite. 
Playing z gives Pnew = P+B(p,e,). There is a positive definite diagonal matrix 
D such that DB is symmetric. Then also DB™? is a positive definite symmetric 
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D, e---0 

Es an eer 
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Figure 6.6: The E-subloopers. 


matrix. A computation similar to Theorem 6.6 shows that the quadratic form 
p' DB~'p is invariant during play. 
Now fix a position p with vector p € RY. Let 


P, = {positions reachable from p}. 
Since it is never legal to play into R“, we have 
V 
R” OP, = {p}. 


When playing a play sequence a from position q, let a@(q) be the position 
reached. Let a(R“) = {@(q) :q € R"}. This is an open set, since @, being a 
linear transformation, is a continuous map @ : RY — R”. We claim that 


a(R”) Pp = {a(p)}. 


Otherwise, there would exist a q € R” such that a(q) is reachable from p, 
say a(q) = B(p). Let a~! denote the play sequence obtained by playing a 
backwards. Let y be a play sequence in R such that y = Ga-'. Such a ¥ exists 
by Proposition 4.2. Thus, ¥ = @~! 0B, and Ly = FR since p ER", so it is legal 
to play according to y from p. The position obtained is 


1(p) = @7' 0 B(p) = a~* 0d(q) =q ERX. 


This is only possible if q = p. Hence P, is a discrete subset of the compact set 
(DB~! being positive) 


{qe R” :q'DB~'q=p'DB™'p}. 
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A discrete subset of a compact set is finite, so Pp is finite. Since p(A) < 2, 
it cannot be a looping game, so C, is finite. For any other position q we have 
L, © Ly, so the game is always terminating. O 


6.8 Looping N-games 


In this section we consider general N-games, so we play on a graph G = (V, E) 
where every node z has a positive weight w,. G is an N-looper if there exists a 
looping game on G. Let W € R” *” be the diagonal matrix whose zth diagonal 
entry is (1+w,)/2. As in previous sections, let the generalized adjacency matrix 
of G be A = (azy)z yev where azy = kyz if (x,y) € E and azy = 0 otherwise. 


Proposition. An N-game graph G, with matrices W and A as above, is a 
looper if and only if 
p(W-'A) =2. 


PROOF Once again we can use Lemma 9.3, which says that 
Plast = p — AS + 2Ws, (6.3) 


where s is the shot vector of the sequence. We have a loop if Piast = p, i.e. if 
—As + 2Ws = 0. Wis positive definite, hence invertible, so this implies that 
W—'As = 2s, so 2 is an eigenvalue of a positive eigenvector of the nonnegative 
matrix W-!A. By the Perron-Frobenius theorem, p(W~!A) = 2. 

Conversely, suppose that we are given an N-graph G with matrices W and A 
such that p(W7'A) = 2 with eigenvector s. We can construct a play sequence 
with shot vector s similarly to the way it was done in the proof of Proposition 
6.3. This play sequence is a loop by (6.3). QO 


Theorem. There ts a looping N-game of any type p > p' where p' ts the type 
of an E-looper. An N-game of type up < p’ can never be an N-looper. 


PROOF We know from previous sections that if an E-game has type p and 
generalized adjacency matrix A and yp’ is the type of an E-looper (see Figure 
6.5), and p > p’, then p(A) > 2. We shall now construct an N-game of type 
p with node weight matrix W and generalized adjacency matrix B such that 
p(W-'B) = 2. Step one is to let w be one of the two roots of 


p(A) = Vw+1/Vu, 


and this w is positive, since p(A) > 2. Step two is to choose 


WwW = ger and B= Jw. 


Then W is diagonal and positive definite, B is nonnegative, and 


p(W-'B) = ——— ul Vis + 1/ Va) = 2 
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Finally, this is an N-game by Theorem 3.10, since 


(/wary)(/ways) = WazyAyz 
w(2 cos(27/p(xz, y) +14 1) 
= 2wcos(27/p(z,y)) +wt uv, 


as desired. 
If, on the other hand, p < p’, then we know from Section 6.7 that the 
language of legal play is finite, so the game cannot goinaloop. O 


6.9 The dual E-game 


We now restrict our attention to the E-games, where every move is an involu- 
tion, 1.e. zz = €. Suppose we play on the edge weighted graph G = (V, F). 
We shall take the geometric model that was introduced in Section 4.3, and see 
what it specializes to in the case of E-games. For clarity, we briefly repeat the 
ideas. Let X* be the space of positions on G, and let X be its dual space with 
some basis {e, : x € V} and with geometry defined by the unique bilinear form 
B that satisfies 
—2B(ez, ey) = key, 


where kz, = 0 if (z,y) is not an edge, and kz, = —2. Observe that every 
€, 1s now a unit vector with respect to B. A position p € X* has numbers 
Pr = (p,ez). The moves of the E-game are represented via the mapping ¢* : 
V — GL(X"), which is characterized by 


(¢"(x)(p), A) = (p, ¢(#)(A)) 
where € : V —> GL(X) is defined by 


Cz = C(z)(A) a 2B(er, A)ex. 


For a play sequence a = 212%2---z, € V* we have (*(a) = C*(zz) 0---0€*(21). 

A vector A € X corresponds to the position in the game where the number 
on a node z is p, = B(X,e,). When playing z from position \ we get the new 
position 


C(x)(A) = A- 2B, es es, 


and for the play sequence a = 212%2...4, we have ((a@) = ¢(21) 0--- 0 C(zx). 
The ¢, can be regarded as moves of a dual game played on the space X of dual 
positions. 

We shall play the dual game from the basis vectors. Let 


® © {C(a)(ez) : a € V*,2 € Vi, 


the set of all dual positions that can be reached by sequences of dual moves 
from the basis vectors. By Proposition 4.2(a), in an E-game, every a € V* has 
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a 8 €R such that a = P, 1.e. such that ¢(@) = ¢(8). Corollary 4.3 says that 
if az € R then ¢(a)(e,) > 0, while if az ¢ R but a € R then C(a)(ez) < 0. 
Hence, ® can be partitioned as ® = 6+ U@~, such that yp = doi cy Cres has 
all c; > 0 if y € ST, and all c, < 0 if y € ®-, and some inequality is strict. 

We have of course ¢,(®) = ®, i.e. ¢, permutes the elements of ®. But 
what happens with respect to the partition of ®? Well, ¢,(e,) = —e,z. For 
any other zeta(a)(e,) € ®t we claim that ¢(ra)(e,) € +. The explanation is 
that except for ¢ and 2g, all words in R are homotopic either to a word of the 
form raz, where z € V, or to a word of the form az, such that raz € R. This 
follows from the definition of ?. 

Thus, all y € ®t \ {e,} are either of the form ¢(ra)(e,) or ¢(a)(ez), where 
raz ER. The action of the dual move ¢, on these are 


Cr 0 C(a)(e,) = C(za)(ez) € Bt and ¢, oC(ra)(e,) = C(a)(ex) € BT, 


since ¢(xz) = 1. Hence we have proved the following fundamental property of 


Ot. 


Proposition. + o¢(z) = (®+\{e,}) U{-e,}. O 


Now, it is convenient to picture ® as an edge-labeled undirected graph with 
an edge (y, y’) labeled z if ¢,(y) = yg’. For a position p in the E-game on G 
we can assign the number (p, y) to every y € ®. If y = ¢(a)(ez), then, by the 
characterization of ¢*, 


(p, ~) = (C*(a)(p), ex), 


i.e. the number on node z after playing a from position A. Play a node z 
in the E-game to obtain position ¢,(p). Then the numbers assigned to ® are 
exchanged along edges labeled z, since 


(Cc(p), ) = (P,Ce()) and (Cz (p), Ce()) = (P, ¥)- 


Though all numbers are involved in this exchanging process, exactly one num- 
ber is exchanged between the parts ®t and ®~ , namely the number (p, ez) = pz 
assigned to e,, which is exchanged with —p,. Since playing z is legal only if 
Pr < 0, a legal move decreases the number of negative numbers assigned to ®t 
by 1. Thereby we can compute the length of the game. 


Theorem. The number of moves until the game terminates from position p ts 
equal to the number of p € ®t such that (p, yp) < 0. If this number is infinite, 
then the game never terminates. 


PROOF We have already seen that the number of » € + with negative 
numbers assigned is decreased by exactly one when we play a legal move. What 
remains is to prove that if some (p, y) < 0, then some move must be legal. Well, 


(p, 9) = (P, oeev Cr€r) = >» zev CxPx for some cz > 0. Thus (p, y) < 0 implies 
that p, < 0 for some z € V, so firing x is a legal move. O 
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Example. Let G be the unweighted graph A3, a path with three nodes. Say 
that the nodes are numbered 1,2,3, such that 2 is neighbor of both 1 and 3. 
Let {e1,€2,e3} be the basis. It consists of unit vectors with respect to the 
symmetric (since G is unweighted) bilinear form B, which also satisfies 


—2B(e1,€2) = 1, -2B(e;, e3) = 0, —2B(e2, e3) = 1. 


In Figure 6.7, we see the graphic version of +. Every 9 = eH, Cr€z 1S 
described by its vector of coefficients (c;,c2,c3)'. Observe that $+ is finite in 
this case. This corresponds to the fact that all games on A3 terminate. In fact, 
for every sublooper, see Section 6.7, the dual game graph ®* must be finite, 
since in an initial position where all numbers are negative, the number of moves 
until termination is equal to the cardinality of +. Conversely, if there exists 
some infinite game, then ®+ must be infinitely large. 


Figure 6.7: The graphic version of ®* for A3. 


Example. Now consider an unweighted three-node circuit, i.e. a graph of type 
Ag. +t is depicted in Figure 6.8. It is obviously infinitely large, and there is 
a simple periodic behavior one can observe: the third level of the graph of + 
is just a permutation of the first level with the vector (111)' added. For the 
fifth level we add another (111)', etc. In the same way the fourth level, the 
sixth level, etc., are derived from the second level. (111)' corresponds to the 
vector py = 1-e, +1-e2 +1. 3, which is the invariant linear functional on 
the positions when playing the game on Ap. If the sum of the numbers on the 
nodes is positive, then there will only be a finite number of negative numbers 
assigned to ®t and thus the game is terminating. If the sum is zero, then the 
same finite set of numbers will occur again and again, so the game will loop. If 
the sum is negative, then there are infinitely many negative numbers assigned 
to St, so the game is divergent. 

This argument generalizes to all E-loopers, through a case-by-case analysis 
of the following kind. Let G be an E-looper with corresponding E-sublooper G 
(e.g. A» and Az). Let ® and © be the respective sets of dual positions, but let 


Section 6.9. The dual E-game 71 


all vectors of @ be augmented by an entry 0, so that elements in ® and © are 
of equal dimension. The new entry corresponds to the unique node, say z, in 
G that is not in the subgraph G. 

Let » be the invariant linear functional on G, scaled such that the smallest 
entry 1s equal to 1. Then we claim that 


® = LJ n-e+@. 
néeZ 


Since ¢ is invariant under all dual moves (because (p,¢,(v)) = (¢*(p),¢) = 
(p,~) for every node y by choice of y), and the set ® is invariant under all 
dual moves except playing the extra node xz, we must only verify that playing 
xz from positions in ® only leads to positions in ¢+ ® and —y+ ®. Since ® is 
finite, this can be done by hand. 


NZ 


Figure 6.8: The graphic version of ®* for Ad. 
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Part III 


Coxeter groups and the 
numbers game 


Chapter 7 


Coxeter groups 


This last part of the thesis will deal with Coxeter groups and what they have 
to do with the numbers game, which turns out to be quite a lot. In this 
chapter we give a brief recount of the facts about Coxeter groups that will be 
assumed known in later chapters. For all details we refer to the excellent book 
by Humphreys [31]. 


7.1 Coxeter groups 


We may define a Coreter system as a pair (W,S) where W is the Cozeter 
group and S is a finite set of generators such that W has the presentation 


sES:(st)™) =] 
( (st) 


where m(s,s) = 1 and m(s,t) = m(t,s) € {2,3,4,...,co} ifs #t. If m(s,t) = 
oo, then the corresponding relation is simply deleted. Since m(s,s) = 1, we 
have s* = 1, which implies that s = s!, so all generators are their own inverses. 
If m(s,t) = 2, then stst = 1, which implies that st = ts, so those generators 
commute. 

It is clear from the definition that the Coxeter group W is determined by 
the generators S and the parameters m(s,¢) for s,t € S. This information is 
conveniently encoded in a Corzeter graph: Take S as the node set and draw 
an edge between any pair of generators that do not commute with each other, 
i.e. if s #t, then (s,t) is an edge if and only if m(s,t) # 2. Every edge (s,t) is 
labeled by the parameter m(s,¢), but if the label is 3 then it is suppressed by 
convention. 


Example. The Coxeter graph with two nodes connected by an edge labeled m 


oto 


determines the dihedral group with 2m elements, i.e. the symmetry group on a 
regular m-gon. The two generators are reflections in two consecutive diagonals 
of the m-gon. For example, with m = 4: 
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Example. A path with n nodes without labels determine the Coxeter group 
that is the symmetric group S,41 of permutations on n+ 1 elements. The 
generators are adjacent transpositions, i.e. S = {51,52,...,5n,} where s; is 
the transposition (7,7 +1). If we let S,4, act on R°+! by 


m(24, 1 eee En+1) = (2x(1); Dar(2)y ++ +5 Lx(n41)) 


then 
si(21, U2Q,-- .,2n41) aa (x1, 200) Uj—1, 0i41, 07, Ti42,.. > 2n41) 


which is equivalent to a reflection in the hyperplane 
H; = {(21,22,...,2n41) E R°t? : oj = 2541}. 


The two examples above illustrate the interpretation of Coxeter groups as 
reflection groups. Every finite reflection group is a Coxeter group and every 
finite Coxeter group is isomorphic to a reflection group. Another class of groups 
is obtained by reflections in affine hyperplanes. The discrete infinite groups 
obtained in this way are also Coxeter groups, and are simply called affine 
Coxeter groups. 


Example. The Coxeter group whose Coxeter graph is an unlabeled triangle can 
be represented for example as a group acting on R’, generated by the reflections 


in the lines (1) y = Vz, (2) y = —V3z, and (3) y= 1. 


a Ns 


The finite and affine Coxeter groups are thoroughly classified. We will 
return to them in Section 8.4. 

We close this section with a note on a very natural family of subgroups to 
a Coxeter group. If (W,S) is a Coxeter system and J C S is a subset of the 
generators, then the group generated by IJ is a parabolic subgroup of W and is 
denoted by W;. (Wy, I) is a Coxeter system in its own right. 


7.2 Words in the generators 


Since m(s, s) = 1 for every generator s, we have s* = 1, or equivalently s = s~!. 


Any generator is its own inverse, so every element in W is simply a product of 
generators, w = S152---s,. Such an expression 1s called a word in the alphabet 
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S. Of course, due to the relations there are an infinite number of ways to 
express a w € W as a product of generators. We let I(w) denote the minimal 
length of a word expressing w, and such a word is called reduced. For example, 
if m(s,t) = 2 then st and ts are two reduced words for the same element, while 
sts is not reduced since sts = tss = t. Obviously, the language of reduced 
words is left-hereditary. A useful result on reduced words is the following so 
called Exchange Condition. (Remember that we referred to Humphreys [31] 
for all details.) 


Lemma. (Exchange Condition) Let w = s,---s, (alls; € S) be a reduced 
word. If (ws) < I(w) for some s € S, then there exists an index i for which 
WwW = 8, ---5;---s,s (s exchanged for s; ). 


For a group defined by generators and relations, the word problem is to 
determine whether two given words express the same element in the group. 
For Coxeter groups, the word problem was solved by Tits (and here, for once, 
we refer not to Humphreys but to the book by Brown [15]). He introduced two 
operations on words: 

(M1) If a word somewhere contains (sts---)mcs,4) then this part may be 
changed into (tst---)mcs,4). For example, if m(s,¢) = 3, then rstsu may be 
changed into rtstu. This is called an M-simplification of the first kind. 

(M2) If a word somewhere contains ss we may erase those letters. For 
example, rsstu may be changed into rtu. This is called an M-simplification of 
the second kind. 


Theorem. (Tits’s Word Theorem) A word s;s2---s, (all 5; € S) is re- 
duced if and only if it cannot be shortened by any finite sequence of M-simpli- 
fications. Given two reduced words for the same element in W, one can be 
obtained from the other by a finite sequence of M-simplifications of the first 
kind. 


<w> will denote any reduced word for w. We let <w><v> denote 
concatenation of words, so saying that <w><v> is reduced is another way of 
expressing [(wv) = [(w) + I(v). 


7.3 Weak order and Bruhat order 


Let (W,S) be some Coxeter system. There are two partial orderings on the 
elements of W that arise in a natural way. The (right) weak order, which we 
denote by >, is defined by wa > w, if wo = wiv where <w 1><v> is reduced. 
We denote the poset obtained in this way by (W,S,>). The S-labeled Hasse 
diagram of (W,S, >) is equivalent to the Cayley graph of the Coxeter group, 
with W as node set and an edge (wi, W2) labeled s € S if w2 = wis and 
I(w2) = I(w,) +1. The Hasse diagram is always directed upwards, with 1 at 
the bottom. Sometimes we will instead use the left weak order >z, which 1s 
the isomorphic partial order obtained by putting v to the left instead of to the 
right in the definition above. 
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The Bruhat order >g can be defined by the following subword property. 
Let v = 81S2:--s, be a reduced word. Then v >g u if and only if there is 
a reduced word for u which is a subword of 8; 52---s,, le. U = 8;, 83, °**5i;, 
where 1 < 24) < tg <...< 1; <k. The weak order is weaker than Bruhat order 
in the sense that w > v > w >Bg v. For a discussion of these orderings on 
Coxeter groups, see the survey paper by Bjorner [6]. 


7.4 The canonical geometric representation 


Let (W, S) be some arbitrary Coxeter system. Following Humphreys, there 
is a canonical geometric representation o of W as a reflection group o(W) 
acting on an |S|-dimensional vector space X with some basis {e, : x € S} of 
unit vectors, and geometry given by a symmetric bilinear form B defined by 
B(ez, ey) = —cos(r/m(z,y)). o(W) is generated by o(S) = {o, : x € S}, 
where every o, is a reflection in the hyperplane orthogonal (with respect to B) 
to e,, 1.e. the action of o, on any vector A € X is 


o7(A) =A-—2Bles, A)ez. 


Let A = {e, : x € S}. This is the set of simple roots. Let ® = o(W)(A), the 
union of the orbits of the simple roots. ® is the root system of (W,S). Note 
that any root » € ® can be uniquely written as a sum of the simple roots: 


o= se Cr€x (ce ER). 
res 


The root system can be partitioned in positive and negative roots: ® = ®+UG-, 
where every ¢ € ®t has all cz > 0, while every ¢ € ®~ has all c, < 0. This 
follows from the following proposition of Tits: 


Proposition. Let w € W ands € S. If I(ws) > I(w) then o(w)(es) ts a 
positive root. If (ws) < I(w) then o(w)(es) is a negative root. 


This also proves that the representation o is faithful, because if w 4 1 then 
there is some s € S such that I(ws) < I(w) and hence o(w)(es) is negative, 
while o(1)(e;) = es is positive, so o(w) # o(1). 

Let X* be the dual space of X, and let f denote a typical vector of X”*. 
Define a dual action of W via o*, characterized by 


(o"(w)(F), A) = (Ff, o(w)(A))- 
For every s € S, we have a closed half-space in X* given by 
{f EX" : (f,es) > Of. 
Let D be the closure of the intersection of all these open half-spaces: 
D={f €X"*:(f,es) >0 for alls € S}. 


Finally, define U to be the union of all o*(w)(D), w € W. Then U is a cone 
in X*: the Tits cone. The action of W on the Tits cone can be described 
reasonably well: namely, D is a fundamental domain for the action of W on 
the Tits cone U, i.e. the orbit of any point in U has exactly one point in D. 


Chapter 8 


Connections between 
Coxeter groups and the 
numbers game 


The reader who has read everything up to this point will surely have observed 
some connections between the numbers game and Coxeter groups already. It 
should be pointed out, once again, that in a sense Mozes [35] recognized the 
connection first, though he only considered the narrower set of Weyl groups of 
Kac-Moody algebras. 

We will see in this chapter that our treatment of the numbers game in fact 
contains proof of for example Tits’s Word Theorem and the faithfulness of the 
canonical representation. 


8.1 Every E-game represents a Coxeter group 


In this section we shall prove that the moves of any E-game generate a Coxeter 
group. 

Suppose that we have an E-game G = (V, EF) of type yp. V™ is the set of all 
(legal and illegal) play sequences, and if two play sequences a and @ have equal 
action on the position we have written a = 3. Now define the game group Wg 
of all transformations on positions that can be achieved by playing the game, 
1.e. by compositions of moves: 


We = V"/ = 


Of course, a priori this is not a group, but we shall soon see that there is a unit 
and that all elements are invertible. For a play sequence a, let 


a : {positions on G} — {positions on G} 


be the corresponding element in Wg. Then Wg is obviously generated by 


Sg € {z:rEV}. 
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We shall see that (Wg, Sg) is a Coxeter system. First we must check that 
the Coxeter relations hold. Let the identity element € be denoted by 1. Since 
zx =e in any E-game we have 


z?=1 (C1) 


Thus every generator is invertible in Wg, and hence all elements of Wg are in- 
vertible, thereby confirming that it is a group. By the N-game polygon property 
(Lemma 4.1), we have (ryz---)y(z2,y) = (yZy---)u(e,y) Whenever p(z, y) < 00, 
and therefore 
(TYE >> -)u(ey) = (YEV---)u(e,y) (C2) 
whenever p(x, y) < oo. By (C1), this is equivalent to (zy)#("¥) = 1 whenever 
u(z,y) < oO. 
Thus the generators satisfy a set of Coxeter relations, and we must now 
prove that all relations in Wg follow from these above, 1.e. if 2; ---2,~12%,% = 1, 


then we must be able to derive it from (C1) and (C2). Well, 


Dy Upp = 1 Sey - + p12 = E, 


and by Proposition 4.2(a) and (b), z1---2,4_12% can be reduced to € by using 
only basic homotopies and deletion of consecutive repeated letters. This is 
equivalent to reduction of 4; ---£,~12% to 1 by using relations (C2) and (C1) 
respectively. Thus we have proved: 


Theorem. Let Wg be the game group generated by the move set Sg of an 
E-game G of type p. Then (Wg,SgG) is tsomorphic, via an tsomorphism ig, 
to an abstract Coxeter system (W,S) such that ig is a byection from Sg to S 
and m(ig(Z),ig(y)) = w(z,y) for allz andyinV. O 


In the following we will often abuse notation and write z also for Z. 


8.2 Basic connections 


Remember that back in Section 3.1 we defined the rules for a game that we 
called the numbers game. It was played on a weighted graph by ‘firing’ nodes 
with negative numbers. Then we analyzed when the game has the strong 
convergence property, and continued by studying the language of legal play, the 
reachability problem and the classification of finite games and looping games. 
Sometimes we were helped by a geometric representation of the game. In the 
next few sections we will discuss how all this is related to the Coxeter system 


(We, Sg) of the E-game on G. 


e The edge weighted numbers game can be strongly convergent only if the 
game group is a Coxeter group. Observe that the other direction is false; 
there are indeed numbers games which are not strongly convergent but 
whose game groups are Coxeter groups. For example, the game on a graph 
with two nodes, z and y, and edge weights kzy = ky, = 2cos(27/5) is 
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not strongly convergent. However, the moves generate the same game 
group as if the weights had been kzy = ky; = 2cos(7/5), and this game 
is strongly convergent, so the game group is a Coxeter group. 


(This may seem strange at first; how can it be that both E-games above 
have ryryr = yxyzry and yet one of them is strongly convergent and the 
other is not? The explanation is that fewer play sequences are legal in the 
(27 /5)-game than in the (7/5)-game. For example, start with (pz, py) = 
(—1, —1) in the (27/5)-game. Let r = 2 cos(27/5) = (/5—1)/2 = 0.618... 


Then we have the following play sequence: 
(—1,-1) —>* (1,-1- 7) —¥ (0,147) 


since (l1+7)-7 = (V54+1)(V5—1)/4 = 1. Thus, playing zy leads to a 
terminal position, and this is not equal to the position reached by playing 
yz.) 


e The nodes/moves of the E-game correspond to the generator set Sg. 


e The polygons in the polygon property correspond to the Coxeter relations 
in (We, Sg). 


e The graph G, stripped of its specific weights but edge-labeled according 
to its type, is the Coxeter graph of (Wg, Sg)! This is perhaps the single 
most striking connection, in the author’s opinion. 


e Play sequences correspond to words in the generators. 


e R, the maximal language of legal play, is isomorphic to the language of 
reduced words in (Wg, Sg). Thus, every legal play sequence corresponds 
to a reduced word. 


This last point needs a bit of separate discussion. By Proposition 4.2(a), 
every word a ¢ R can be shortened to a word a’ that is in R such that a =a’. 
Hence, R contains all reduced words. Thanks to part (c), two words a and 
8 in R can have a = # only if a & £, so in particular only if they have the 
same length. Hence, all words in R must be reduced, so FR is the language of 
reduced words. 

In this light, Proposition 4.2(ac) is equivalent to Tits’s Word Theorem. 


e We have proved that reachability is decidable for E-games whenever they 
are “Mozes games”, i.e. when the game group is the Weyl group of a 
Kac-Moody algebra, according to Mozes [35]. Nothing is known of the 
significance of this; probably it is only a coincidence. 


8.3 Geometry of games and groups 
We have seen geometrical representations of both games and Coxeter groups. 


The canonical representation of a Coxeter system (W, S) is as a reflection group 
o(W) acting on an |S|-dimensional vector space X; with some basis {e, : s € S} 
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of unit vectors, and geometry given by a symmetric bilinear form B, defined 
by Bi(es,e:) = —cos(7/m(s,t)). o(W) is generated by o(S) = {o5 : s € S}, 
where 


o5(A) =A—2Bi(es, Ades. 


On the other hand, the geometrical representation ¢* of an E-game, as in 
Section 6.9, was on the space X35 of positions on G = (V, E), where ¢%(p) is 
the position obtained when playing node z in position p. For convenience, we 
also introduced the dual space X2 with some basis {e, : x € V} such that 
(p,€c2) = pr for all x € V. The geometry of X2 is weight-dependent, since it is 
defined by the unique bilinear form Bp» that satisfies 


—2Bo(er, ey) = key, 


where kz, = 0 if (x,y) is not an edge, and kzz = —2. We also had a mapping 
¢ defined on X2 by (¢*(a)(p), A) = (p, ¢(a)(A)). It is immediate that 


& = BS C*(a) = C*(B) & C(a) = (8). 


Thus ¢€ gives a geometric representation of the game group Weg, though the 
game itself does not take place in Xo. 
The action of ¢, on an element A € X29 is 


C(x)(A) = A-— 2Bo(er, A)ez. 


The object now is of course to compare the geometric representations of a 
Coxeter group (W, S) and of a game group Wg that is tsomorphic to W, which, 
as we know from the previous section, happens when G is isomorphic to the 
Coxeter graph of (W,S). Then we can identify S with V, and thereby also 
the spaces X, and Xg2 and their bases. From now on, denote the space by 
X. Evidently, when the edge weights are chosen symmetrically, 1.e. when 
key = kys = 2cos(a/m(z, y)), we also have B; = Bo. Then it is clear that the 
geometric representations ¢ and o are equivalent, i.e. the following diagram 
commutes: 


We ¢ GL(X) 


where 7g 1s the map that identifies the game group Wg with the abstract group 
W with identical presentation. 


Remark. One should be aware of the different kinds of ‘representation’ in ques- 
tion here: 

¢* represents the gamein X* simply by letting every position be represented 
by a vector which can be coordinatized according to the numbers on the nodes. 
This is a trivial identification. The clever thing is the choice of the geometry on 
the dual space X such that the dual mapping ¢ maps the moves to reflections 
in the directions of the basis vectors. So, ¢ takes a game group that already 
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acts on the linear space of positions, and, thanks to isomorphism between this 
space and its dual space X, gives a group ¢(Wg) that acts as a reflection group 
on X. 

On the other hand, o takes an abstract group defined by generators and 
relations and gives it a geometric representation as a reflection group on X. 
Let = denote isomorphism between groups. To prove that o is faithful, 1.e. 
that o(W) = W, is considered quite tedious. However, we have now proved 
exactly this by showing that for a symmetrically weighted G, 


o(W) = ¢(We) [We = W. 


Shifting point of view, we can always define a og : W — GL(X) such that 
the diagram 


We ¢ GL(X) 


commutes by defining og = ¢ o in’, since ig is a bijection. Thus we have here 
a multitude of choices for the geometric representation of (W,S); one og for 
each E-game G of type p. Any one of these representations are about as good 
as the canonical one, o, except that the bilinear form that defines the geometry 
will not be symmetric. It is now natural to define the root system ® of og(W) 
as the union of the orbits of the basis vectors A = {e, : z € V} under og(W), 
so ® = og(W)(A). 

The root system is equal to the dual game vectors that we considered in 
Section 4.3 and in Section 6.9. Proposition 4.3 says that if a is a play sequence 
and y and z are moves such that yaz € R, then ¢(a)(e.) < ¢(ya)(ez). Translate 
this to the abstract Coxeter group W, via 


yr—t 
ig:(zRos 
ar w 


In terms of the root system of og(W), this gives the following: 


Proposition. [f I(tws) > I(tw) > I(w) then og(w)(es) < og(tw)(es). O 


Of course, a simple corollary of this is that e, < og(w)(es) whenever 
I(ws) > I(w). This is the result of Tits, Proposition 7.4. The proposition 
we have proved here is clearly a refinement of this latter result. (Below we 
will not bother with distinguishing between W and Wg anymore, so play se- 
quences and words in generators are considered the same objects, and ¢ and 
Og are exchangeable.) 

We may also define the Tits cone Ug for any particular representation og 
of (W,S). In analogy with how it is defined for the canonical representation, 


define Ug by Ug = og(W)(D) where 
D= {pe xX" : (p,es) > 0 Vs € S}. 
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Following game terminology, we write p, for (p,es;). To see that this Tits cone 
is as good as the ordinary one we need a simple lemma: 


Lemma. Let s € S and w € W. Then (ws) < I(w) only if every gq € 
ot.(w)(D) has qs < 0. 


PROOF Suppose that I(w) < I(ws). In the game on G, choose a position p 
with all p, < 0, i.e. p is in the interior of —D. Then we know that the legal 
play sequences from p are exactly the reduced words of W. Play according to 
a reduced expression <w> for w to obtain q = of%(w)(p). It is not legal to 
play s from q, because [(ws) < I(w) so the entire play sequence <w> s is not 
a reduced word. But playing s is illegal only if g, => 0. 

Therefore, —q, < 0, and —q = o%(w)(—p). By omitting the minus signs 
and using continuity, we have that gq, <0 when gE oG(w)(D). O 


Now, observe that D represents exactly the terminal positions on G. Thus 
U = og(W)(D) must contain all positions from which the game terminates. 
In fact, it does not contain anything else! 


Theorem. The Tits cone U satisfies: 
(a) U contains exactly the positions from which the game terminates. 
(b) D is a fundamental domain for the action of ag(W) on U. 


PROOF (a) We shall prove that if g = o%(w)(p), where p € D and w € W, 
then there is a legal play sequence from q that reaches p. For w = 1 we are 
already done. Otherwise, take an s € S such that I(ws) < I(w). Then q, < 0, 
so we have one of two cases. Either g, = 0, in which case q = 07,(s)(q). (This 
is because nothing happens when a zero number is fired.) The second case 
is that g,; < 0, in which case it is legal to play s to obtain of(s)(q). Since 
oG(s)(q) € oG(ws)(D) and I(ws) < I(w) we have ‘come closer’ to D, in the 
sense of decreasing word length, by playing zero or one moves. Hence we must 
eventually reach D in at most [(w) moves. 

(b) We shall prove that every orbit intersects D exactly once, i.e. if p € D 
and oG(w)(p) € D then we must prove that p = o%(w)(p). Well, by (a) 
there is some legal play sequence from o7%(w)(p) to p, but no move is legal if 
o%(w)(p) € D, so the positions must be equal. O 


Remark. For the cases covered by Mozes [35], the characterization of the posi- 
tions from which the game converges as the Tits cone is due to him. 


8.4 Finite groups and affine groups — subloop- 
ers and loopers 


In Section 6.7 we characterized the connected graphs on which the numbers 
game always converges as the ‘E-subloopers’, depicted in Figure 6.6. For each 


Section 8.5. Groups of general N-games_ 85 


of these graphs, the maximal language of legal play sequences, F, is finite. 
Hence their game groups are finite. On all other connected graphs there ex- 
ist arbitrarily long legal play sequences, and hence the corresponding game 
groups are infinite. Thus we have obtained a classification of all finite (irre- 
ducible) Coxeter groups as those with Coxeter graphs in Figure 6.6, named 
An, Bn, Dn, E6, E7, Eg, F4, H3, H4, Io(m). These names are the classical names 
on these groups, from Lie theory. 

It is also well-known, see Humphreys [31], that the affine (irreducible) Cox- 
eter groups are precisely those with Coxeter graph of positive semidefinite type, 
that is, the E-loopers: As Be De. be bebe, FucGs 

Thus, to our list of connections between Coxeter groups and the numbers 
game, we can add: 


e Subloopers correspond to finite Coxeter groups. 


e Loopers correspond to affine Coxeter groups. 


8.5 Groups of general N-games 


When the node weight w, is not equal to 1, playing z (illegally) twice in a 
row will not lead back to the original position, ie. zz # €. For an N-game 
G = (V,E), let F(V) be the free group on the letters in V and let the game 


group be 
def 


We = F(v)/= 
where, exactly as in Section 8.1, every member @ of Wg is the transformation 
on positions that is caused by playing play sequence a, which is a sequence of 
moves and inverse moves. If x is the move: 


—WzDr ify=2z 
re Py := < Pyt+keype if y neighbor of z in G 
Py if y not neighbor of x in G, 
then the inverse of z is 
ee ify 
w,Pr yur 
Py = \ py + “21, if y neighbor of z inG 

Py if y not neighbor of z in G. 


Let Sg be the set of moves. If w, # 1 then  # Z~!, so (We, Sq) is not a 
Coxeter system. But we still have the polygon property, 1.e. 


(ryz -- ‘)u(n,y) = (yzy- ‘)u(z.y)- 


Since it is not a Coxeter group, what kind of group is generated by the moves 
of an N-game where the node weights w, # 1? Let us for a moment turn 
to the classical braid group, which is the group of braids on n strands. This 
group is generated by {s1,5,...,5,-1} where s; is the braid where strand 
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t goes over strand 7 + 1 and nothing else happens. It is easy to see that 
$;8j415; = $;415;5;41, and in fact the braid group has the presentation 


< 51,...,Sn—1 : 818; = 875; if |j — t| > 2, 855,415; = 5;415;5;41 >. 


Figure 8.1: The fundamental braid s;. 


n 


This is related to the symmetric group S, in an obvious way. The presen- 
tation of the braid group is simply the presentation of the symmetric group 
with the relations of type ss = 1 omitted. In a similar way one can define a 
generalized braid group from any Coxeter group by omitting the relations of 
type ss = 1. These generalized braid groups are sometimes called Artin groups, 
see e.g. Appel and Schupp [3]. 

By the polygon property there is a specific Coxeter group W and a specific 
Artin group A in a natural way associated with every N-game G. 

Let us here demonstrate a certain class of game groups which are different 
from the associated Artin groups and Coxeter groups. 


Example. For any triple of an as yet unweighted graph G = (V, EF), an even 
number m > 4 and an integer n > m, we shall construct 2!"! different N-games 
with the same game group, denoted Wg(m,n). First, choose the constants 
w > 0 and k > 0 to satisfy the two equations 


k* = 4w cos?(1/n) = 4wcos*(1/m) + w? + 1— 2w. 


Since n > m, the equation that determines w has positive roots, and hence 
there is a positive solution k. The point of this choice is that now we can for 
every node z choose either w or 1/w to be the node weight and then for every 
edge (z,y) let the edge weight kz, be k and k/w respectively. This gives 2!V| 
different weighted graphs, which all turn out to define N-games. Furthermore, 
if we let z be the transformation of the position when playing z in the case 
where the node weight is w, then its inverse, %~', is at the same time the 
corresponding transformation when the node weight is 1/w. Thus, whatever 
the choice of node weights, the game group is the same. 


So, define 


—UPr ify=z 
Py +kp, if y neighbor of zc inG 
Py if y not neighbor of z in G. 


8 
SS 
Ld 

| 
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It is easy to verify that the inverse of Z is 


—+p, ify=r 
ae Py ‘= § py + = Dz if y neighbor of z in G 
Py if y not neighbor of z in G. 
We shall now show that all choices of node weights lead to N-games. This 


follows from Theorem 3.10 after a simple analysis of the three possible cases 
for an edge (z, y): 


e Case 1: The moves are z and y. Then wz = wy = w and kyy = ky, = k, 
SO 
kwkie: = k? 
4w cos?(1/n) 


4, /Wz Wy cos*(1/n) + We + Wy — 2,/wzWy. 


e Case 2: The moves are z~! and y~! 


ky; = k/w, so 


. Then wz = wy = 1/w and kgy = 


Keykys = k? /w? 
(4/w) cos?(a/n) 
4,/WzWy cos*(7/n) + We + Wy — 2,/WeWy- 


e Case 3: The moves are z~! and y. Then w, = 1/w while wy = w, and 
key = k/w while ky = k, so 
Reyky, = k? /w 
4 cos*(1/m) + w —2+(1/w) 
4, /WzWy cos*(m/m) + we + Wy — 2,/Wr Wy. 


Accordingly, the polygon property of N-games tells us that for neighbors x 
and y we have 


(YT E+ --)m = (Yo TY" ++ +)m 

(yz y ar en = (z-tyz-! — en 
Thus Wg(m, n) has relations that the associated Artin group does not have.. 
For example, with m = 4,n = 6 we get the equations k? = 3w = w* +1 


with solution w = (3+ V5)/2, k? = 3(3 + V5)/2. 


Chapter 9 


Polygon posets 


In this chapter we explore the connection between polygon posets, which is a 
class of ranked posets with an edge-labeling which satisfies certain “polygon 
properties”, and the weak order of Coxeter groups. We show that any polygon 
poset is isomorphic to an zdeal in the weak order, and for Coxeter groups 
where no product st (s,¢ € S) of generators has infinite order in the group, the 
converse is also true. 


9.1 Introduction 


Given a starting position p in a numbers game, let P(p) be the set of positions 
that can be reached by playing from p. If there are no recurring positions, 1.e. 
no loops, then P(p) can be partially ordered by letting p; < po if there is a 
legal play sequence leading from p; to pz. This poset of positions inherits the 
polygon properties of the game, which makes it an interesting object in its own 
right. 

This chapter is concerned with axiomatically defined polygon posets, of 
which the position posets of the numbers game is a subclass, and how they 
are embedded in the weak order of Coxeter groups. The organization of the 
material is as follows. 

In Section 9.2 we give a characterization of the weak order on a Coxeter 
group (W, S) as the unique poset that admits an S-labeling of its edges which 
satisfies some simple conditions. Dropping one of the conditions we arrive at 
the class of polygon posets, so every polygon poset is in a direct way related 
to a certain Coxeter group (W, S). 

The weak order is known to be a A-semilattice though in the infinite case 
not a lattice. Define an zdeal in the weak order to be a subset IJ C W such 
that if v € J and w € W then vA w EI, and if v,w € I and v V wu exists then 
vVw € I. We show that every polygon poset P is isomorphic to an ideal in 
the weak order of (W, S), and if all polygons are finite, i.e. m(z, y) < oo for all 
xz and y, then the converse also holds. 

Bjorner and Wachs [12] studied two kinds of generalizations of the ordinary 
concept of quotient in Coxeter groups, which they called generalized quotients 
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and alternative generalized quotients. We show in Section 9.5 that the class 
of generalized quotients of a Coxeter group (W,S) is contained in the class of 
polygon posets of (W,S), which is itself contained in the class of alternative 
generalized quotients of (W, S). Thereby we can answer, negatively, a question 
of Bjorner and Wachs whether the alternative generalized quotients share some 
nice properties of generalized quotients. 

For V C W we also define the sharp quotient W{V. The sharp quotients 
are also shown to be polygon posets under weak order. 

It has been conjectured that for any Coxeter group, the language of reduced 
words can be recognized by an FSA. In 1992, Davis and Shapiro [17] gave a 
proof, but it contained an error. However, Shapiro reports that there are now 
a paper by Brink and Howlett that corrects the error. We observe that if this 
conjecture is true, then one can deduce that for a given (W, S) there can exist 
only finitely many nonisomorphic sharp quotients and generalized quotients. 
In Section 9.8 we give our own proof of this fact for all Coxeter groups where 
m(s,t) > 2 for all generators s F t, 1.e. when no pair of generators commute. 

Finally, we devote Section 9.9 to the position posets of the numbers game. 
We show that every finite polygon poset can be realized as a position poset, 
but that this is not true in the infinite case. In particular, the language defined 
by the legal play sequences, i.e. by the edge labelings of upward going paths 
from the least element in the poset, is a greedoid for the numbers game, but 
this is false for polygon posets in general. 


9.2 Polygon posets and the weak order 


For a Coxeter group (W, S), let (W, S, >) denote the poset obtained by partially 
ordering W by weak order. We shall begin by giving a characterization of 
(W, S, >) as the unique poset with certain simple properties. If one looks at 
the example of the posets in question in Figure 9.1, the proof should be easier 
to follow. 


Lemma. For any Coreter group (W,S) with Coreter relations (xy)™°¥) = 1, 
there exists a poset P, unique up to isomorphism, such that: 


1. P has a least element 0. 
2. There are |S| elements covering 0. 


3. P admits an S-labeling of the edges of its Hasse diagram satisfying: 


(a) No two edges incident to the same element of P have the same label. 


(b) If there are two edges going upwards from p € P with labels x and 
y, then they are the first edges of two upward going paths from p of 
length m(z,y) labeled alternatingly x and y. If m(x,y) < oo then 
these paths end in the same element, while if m(x, y) = oo the paths 
go on forever. 


PRooF We will give a construction of the labeled Hasse diagram of P. Let 
I(p) denote the length of a shortest path from 0 to p in the Hasse diagram. Let 
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Pi Z2Ap ECP: I(p) <n}. We will prove that P,4, can be constructed in a 
unique way from P,,; it is graded and everyone of its elements has |S| incident 
edges in P, that is, when one counts also edges leading to elements outside 
Peay - 

The claim is trivially true for Po = {0}. Suppose it is true for P,. We 
can construct every new element gq of P,41 by following an edge, labeled z say, 
upwards from an element p with I(p) = n. Then I(q) = n +1 and we must 
now prove that for any y € S, y # 2, either the conditions (a) and (b) force 
the existence of an edge labeled y leading up to q from some element r, where 
i(r) =n, or they force the existence of an edge labeled y going upwards from 


By (a), there is a unique alternating path yryz --- leading downwards from 
p. It must end in an element q’ where both edges labeled xz and y go upwards, 
since we know that there is one edge of each label incident to every element of 
Pe: 
By (b), there are two upward-going alternating paths ryry--- and yryz--- 
of length m(z, y) beginning in q’. Thus, if I(q) — I(q’) < m(z, y), then the path 
continues from q, so there is an edge labeled y going upwards from q. Otherwise 
we must have I(q) — I(q’) = m(z, y), in which case the two paths join in q, so 
there must be some element r where [(r) = /(q) — 1, and with an edge labeled 
y going upwards to q. 

P,41 is unambiguously constructed, it is graded, and every element has |S| 
incident edges in P. OQ 


Figure 9.1: The Hasse diagram of (W,S,>) where S = {2,y,z} and m(z,y) = 3, 
m(x,z) = m(y, z) = 2. 


Now, (W, S, >) certainly has a least element, 1, with |S| elements covering 
1, namely S, and the natural S-labeling of the edges satisfies (a), since the gen- 
erators are involutions, and (b) because of the special property of the minimal 
coset representatives. Hence we have found our unique poset. 


Theorem. The poset (W,S,>) ts characterized by the properties in the lemma. 
O 
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From the construction of the poset P, it is easy to deduce also the following 
properties: 


(c) If there are two edges going downwards from p € P with labels x and y, 
then they are the first edges of two downward going paths from p of length 
m(z,y) labeled alternatingly x and y. If m(z,y) < oo then these paths 
end in the same element, while if m(z, y) = 00 this case never occurs. 


(d) If there ts an upward going path of length m(x,y) < co from p € P, 
alternatingly labeled x and y and beginning with x, then there is also 
another one, beginning with y. 


__ If we drop the condition (2), which says that there are |S| elements covering 
0, and instead demand that (c) and (d) hold, then we get an interesting class 
of posets. 


Definition. A polygon poset, associated to a Coxeter group (W,S), is a poset 
P with a least element 0 and an S-labeling of the edges of the Hasse diagram 
satisfying properties (a)—(d) above. 


Corollary. (W, S,>) is a polygon poset. O 


The pair of paths that the properties (b)-(d) are all about, should be 
thought of as constituting a polygon in the Hasse diagram, in which the edges 
are alternatingly labeled z and y. Then the cup property (b), the hat prop- 
erty (c),and the half-polygon property (d), guarantees the existence of such a 
polygon whenever there is a cup, a hat, or a half-polygon. See Figure 9.2. 


a 


Figure 9.2: A cup, a hat, or a half-polygon implies a polygon of length m(z, y). Here 


y 


m(z,y) = 3. 


We will see later that every polygon poset is graded. 


9.3. The weak order is a semilattice 


Another property of polygon posets that can be derived is strong convergence, 
since it follows from the cup property and the existence of a least element, 
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by the Polygon Property Theorem. This means that an infinite polygon poset 
has no maximal elements, while a finite polygon poset has a unique maximum 
element, and that all its maximal chains are of equal length. 

The dual of a poset P is the poset obtained by turning the Hasse diagram 
of P upside down. Note that if P has the hat property, its dual has the cup 
property. If P has the half-polygon property, then so does its dual. If P 
has a least element, the dual of P has a maximum element. Since by strong 
convergence any finite polygon poset has a maximum element, it is clear from 
the definition that the dual of any finite polygon poset is also a polygon poset. 

A lower interval in a poset with a least element 0 is any interval of type 
(0, 2]. It is a trivial consequence of the definition of right weak order that any 
interval [u, w] in (W, S, >) is isomorphic to the lower interval [1, u7!w]. 


Proposition. Any interval in (W,S,>) is a polygon poset. 


PROoF Properties (a), (c), (d), and having a 0, are clearly inherited by lower 
intervals, while (b) remains to be proved. But an arbitrary lower interval [1, w] 
is isomorphic to the dual of {1, w~*]. Since [1, w~!] has the hat property (c), 
its dual must have the cup property (b). O 


We now point out a fundamental property of the weak order. 
Theorem. The weak order on a Coreter group is a meet-semilattice. 


PROOF We must show that any two elements w and u in the Coxeter group have 
a greatest lower bound, a meet, which we denote by wAu. The set [1, w][I1, u] 
contains all lower bounds of w and u. The intersection [1, w] Q [1, u] inherits 
the properties (a)-(d) and the least element 1, hence it is a polygon poset. It 
is of course finite, so by strong convergence it has a greatest element. O 


The above result was stated without proof in the survey paper of Bjorner 


(6). 


9.4 Polygon posets are ideals in the weak order 


An analogy of Tits’s Word Theorem holds for the labels of shortest paths from 
0 in a polygon poset. What really matters is only the half-polygon property 
and the hat property, as we will see below. To make the analogy transparent 
we introduce the terminology that a word that is obtained by reading the labels 
of a shortest path, i.e. a maximal chain, from 0 to an element p in a polygon 
poset is a reduced expression for p. 


Lemma. Any polygon poset P is graded, so all reduced expressions for an 
element p in P have the same length. 


PRooF The lower interval [0, p] inherits the hat property of P. Hence its dual 
has the cup property, and p becomes a least element, so it is strongly convergent 
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by the Polygon Property Theorem. Since it is finite, all maximal chains in the 
dual of [0, p] are of equal length. Then this is of course true also for [0,p]. 0 


Now extend the M-simplifications of the first kind to operate also on these 
words. In the Hasse diagram, an M-simplification of the first kind means 
exchanging one half-polygon for the other. 


Lemma. I[f y,yo---y, and 2122:--r, are two reduced expressions for some 
element p of a polygon poset P, then they can be obtained from each other by 
a finite sequence of M-simplifications of the first kind. 


PrRooF (Sketch) True if k = 0, that is, if p = 0. The induction should be 
clear from Figure 9.3. Let = x, and y = yz. The hat property gives the 
polygon between p and u, where <u> has length k — m(z, y), and the induc- 
tion hypothesis gives the following chain of transformations between reduced 
expressions: 


Yiy2°°°Y 
<u> (. : -YZY)m(z,y) 
<u> (. . EYL) m(x,y) 


boa We af. of 


T1T%Q°°'@. 


Pp 
UR 


fy x 


‘ : Fd 
‘e : e 
1 
: 
x : 
1 ; Vi 
e 


Figure 9.3: Sketch of the induction step. Here m(z,y) = 3. 
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Proposition. If s;5)---s, 1s a reduced expression for p € P, then it 1s also 
reduced in the corresponding Cozeter group (W,S). All reduced expressions for 
W = 81S2--:S, in W are also reduced erpressions for p in P, and vice versa. 
In other words, the intervals [0,p] C P and [1, w] C (W,S, >) are isomorphic. 


PROOF By Tits’s Word Theorem, any non-reduced expression s;5)---s, for 
w € W can be transformed to any reduced expression for w by only using 
M-simplifications of the first and second kind. In other words, an expression 
for w € W is reduced if no adjacent repeated letters arise after any sequence of 
M-simplifications of the first kind. Thanks to the half-polygon property of P, 
all words obtainable from s,s )---s, by repeated half-polygon exchanges are 
also reduced expressions for p. By property (a), no reduced expression for p 
has adjacent repeated letters. Hence s,s2---s; must be reduced also in the 
Coxeter group. 

Since all reduced expressions for w in W are obtained from s,5)---s, by 
repeated M-simplifications of the first kind, again the half-polygon property of 
P guarantees that all these expressions are also reduced expressions for p. 

The converse follows from the lemma above. O 


Now recall the definition of an ideal I in a A-semilattice P, given in Section 
9.1. J is an ideal in P if it is an order ideal in P, that is, px~qE P>peEP, 
and J further satisfies p,qé I > pVq€/if p and q have a least upper bound. 
Remember that if p and q have any common upper bound at all, they must 
have a least upper bound, since P is a A-semilattice. 


Theorem. (a) Any polygon poset P is tsomorphic to an ideal in (W,S, >). 
(b) If (W,S) has no pair s,t € S where st has infinite order, then every 
ideal in (W, S, >) ts a polygon poset. 


PROOF (a) We want to define a map 
@¢:P—~W 


that is an isomorphism onto its image. For an element p € P with a reduced 
expression 5152 ---S,, let (p) = s152---s,, computed as a product in W. The 
proposition above implies that the image ¢(P) is an order ideal J in (W, S, >) 
and that @ is an isomorphism from P to J. Due to this isomorphism, I is also 
a polygon poset. 

Suppose ¢(p) and ¢(q) have a least upper bound ¢(p)V¢(q) = u€ W. Then 
we must show that also u belongs to J. Since [1, u] is a polygon poset and I is 
a polygon poset containing 1, the intersection J [1, u] = I’ is a polygon poset. 
I is finite, hence has a unique maximum element v < u, and J’ contains both 
¢(p) and ¢(q), so v is also an upper bound of these elements. This is possible 
only if v = u, so u belongs to IM [1, u] and hence to J. 

(b) Every ideal J in W clearly inherits the hat and half-polygon properties 
of (W, S,>). It remains to be proved that J has the cup property. A cup in 
I would consist of three elements: w, ws and wt, where s,t € S, such that 
I(ws) = I(wt) = I(w) + 1. Since m(s,t) < oo, there exists an upper bound 
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w(sts---)m(s,t), which is the top element of the polygon in (W,S,>). Hence 
there exists a least upper bound ws V wt in (W,S, >), which therefore also is 
in the ideal J. The interval [1, ws V wt] C I is a polygon poset that contains 
w, ws and wt, so the cup property of this interval gives the cup property in I. 
0 


Note that the condition in part (b), saying that no m(z,y) = oo, cannot 
be omitted. Consider for example the infinite dihedral group W generated by 
S = {s,t} where m(s,t) = oo. Then {e,s,t} is an ideal (since s Vt does not 
exist) which is not a polygon poset. 


Corollary. The concepts of ‘lower interval in the weak order’ and ‘finite poly- 
gon poset’ are equivalent. 


PROOF We know from before that lower intervals in the weak order are finite 
polygon posets. The theorem above says that all finite polygon posets are 
isomorphic to finite ideals in the weak order, and all finite ideals are lower 
intervals. O 


9.5 Polygon posets and generalized quotients 


In this section we will discuss the connections with the work of Bjorner and 
Wachs [12] on generalized quotients in Coxeter groups. They define, for an 
arbitrary subset V C W, the generalized quotient 


W/V={wEW:veEV> (wv) =l(w) + I(v)}. 


A subset U of W has the chain property under Bruhat order if, whenever 
u,w €U and u <g w, there exists a chain u = up XB ul XB °°: XB UR = Win 
U such that l(u;) = [(u) +72, for 1 <i<k. A subset U of W is directed under 
Bruhat order if every pair of elements in U has a common upper bound in U. 

Bjorner and Wachs showed that W/V is directed and has the chain property 
under Bruhat order. (In fact, they proved the stronger assertion that Bruhat 
order on W/V is CL-shellable.) 

Under left weak order, W/V was shown to be a complete A-semilattice 
with no maximal elements if it is infinite, and with a unique maximal element 
if finite. This is easily seen to be true also for the polygon posets. 


Proposition. Any infinite polygon poset is a complete A-semilattice with no 
mazimal elements. Any finite polygon poset ts a lattice. 


PROOF We already know that the weak order is a complete A-semilattice. 
Clearly every order ideal inherits this property; in particular every polygon 
poset. By strong convergence, a finite polygon poset has a unique maximal 
element, hence is a lattice, while an infinite polygon poset has no maximal 
elements. O 
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This is no coincidence — indeed, every generalized quotient is a polygon 
poset order ideal in the left weak orde; > , on (W,S). 


Proposition. W/V under left weak order is a polygon poset. 


PROOF It is obvious from the definition of generalized quotients that W/V is 
an order ideal in (W, S, >z). Thereby, it inherits the hat and half-polygon prop- 
erties. If s <<w><v> and t <w><v> are both reduced, then (sts---)m(s,t) < 
w><v> is reduced by the cup property of (W,S,>1). Hence W/V has the cup 
property under >;. O 


Bjorner and Wachs also considered an alternative definition of generalized 
quotients. In a Coxeter group (W, S), let T be the set of conjugates of S, 1.e. 


T = {wsw ): weEW,s€ S}. 
For any subset A of T, define 
A={weW:tEeA>ut >z v}. 


According to Bjorner and Wachs, every W/V is also an alternative generalized 
quotient W4 for some A C T. The sets W4 can be characterized as the conver 
order ideals in W under left weak order, where a subset U of a poset P is said 
to be convex if for all u,w € U, every minimum length path from u to w in 
the Hasse diagram of P is in U. We will now show that every polygon poset is 
isomorphic to some (W4, > ). 


Theorem. Every polygon poset P ts isomorphic to a conver subset of the weak 


order (W, S, > 1). 


PROOF We must show that every reduced expression for wu~! gives a path 
from u to w in P. First note that there is at least some path between u and 
w, since they are connected via 0. Since P is a polygon poset, one can easily 
deduce that all paths that can be constructed from some initial path in P by 
repeated M-simplifications are also in P. The M-simplifications of the second 
kind correspond to eliminating from the path edges traveled back and forth. 
The M-simplifications of the first kind means exchanging one half-polygon for 
the other. If the first half-polygon contains either a hat or a cup, then the 
exchange is possible thanks to the hat and cup properties of P. Otherwise the 
half-polygons are ‘vertical’ so to speak, so the half-polygon exchange can be 
done in P thanks to the half-polygon property. 

By Tits’s Word Theorem, all reduced expressions are obtained in this way. 
Thus P is convex. O 


Corollary. The class of generalized quotients ts contained in the class of poly- 
gon posets, which is in turn contained in the class of alternative generalized 
quotients: 


{W/V} Cc {polygon posets in W} Cc {WA}. 
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Both inclusions are in fact strict. The first one follows from the fact, as 
discussed in the last section, that every W/V is a greedoid, which is not true 
for polygon posets. For the second one, consider the subset U = {1, 2, y} of the 
Coxeter group (W,S) where S = {z, y} and m(z,y) = 3. Then U is a convex 
order ideal of the weak order, and hence a W4“, but U is not a polygon poset, 
since it does not have the cup property. 


9.6 The Bruhat order on polygon posets 


Bjorner and Wachs asked whether the chain property and directedness under 
Bruhat order of W/V were true also for W4 in general. We will now answer 
this question by showing that not even polygon posets have these properties in 
general. First, we shall acquire a means to construct polygon posets. 


Definition. Let Giw,s) be the set of all order ideals in (W,S,> 1) that are 
polygon posets. For any order ideal U in (W, S, > ), define a closure operator 


o by 
oU)= [) V. 
UCVEGw,s) 


The intersection of polygon subposets with the same least element is a polygon 
poset, so we have o(U) € Gvw,s). o(U) is in a natural sense the polygon poset 
generated by U. 

Let Gw, s) be the set of all subsets of (W, S, >,) that have the cup property. 
Since having the cup property is a much weaker condition than being a polygon 
poset, we have Giw.s) C G(w,s). For any order ideal U in (W, S, > ), define 


sU)= [) V, 


UCVEG w,s) 


the smallest subset of (W,S,>z,) having the cup property and ous U;, 
Obviously, ¢(U) C o(V). 


Lemma. Suppose (W,S) is a Coxeter group with z,y,z € S, where m(z,y) > 
3, mM(z,z) > 3 and m(y,z) > 3. If U is an order ideal in (W,S,>1) containing 
{z,ry}, then o(U) its infinite. 


PRooF In &(U) we can complete polygons in z, y,z as shown in Figure 9.4. 
It is clear from the figure that we get a repeating pattern, so the completing 
process will go on forever. Hence G(U), and thereby o(U), is infinite. O 


Theorem. Suppose (W,S) ts a Coxeter group with m(z,y) > 3 for all pairs 
z,y€S. IfU is an order ideal in (W,S,> 1) then o(U) = G(U). 
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Figure 9.4: Repeating pattern in 6(U). 


PrRooF Let V = G(U). V has the cup property, so we only have to show that V 
is an order ideal, since every order ideal in the weak order has the hat property 
and the half-polygon property. Suppose that V is not an order ideal. Then 
there must be some shortest element w € V with a reduced expression w = yu 
(remember that this is left weak order). The minimality of ¢(U) guarantees 
that all elements can be reached from U by repeated completion of upward 
polygons, like in Figure 9.4. Therefore, there is also a reduced expression 
w = zv with v € V, and the x edge must have been added when completing 
some polygon, say an rz-polygon, where z # y. See Figure 9.5 for a sketch of 
the situation. In particular there must be some reduced expression for v ending 
with z. By choice of w, all reduced expressions for v must be in V. By the hat 
property of (W, S,>z), one such must end with yz. But then [1, v~+], which is 
the dual of [1, v], would be a finite polygon poset containing {z, ry}, thereby 
contradicting the lemma above, which says that such a polygon poset must be 
infinite. O 


In the following we will say that a Coxeter group such that m(z, y) > 3 for 
all pairs of generators z, y is superhezagonal. 


9.6.1 Counterexample to the chain property 


Let (W, S) be a superhexagonal Coxeter group with generators S = {z, y, z, w}. 
There exists a polygon poset V contained in (W, S, > ,) that does not have the 
chain property under Bruhat order. We will now give a construction of it. 

Let U be the order ideal in (W,S,>z) generated by {zy, zwyr}. Let V = 
o(U) = G(U). We have zwyz >g zy, but any chain must include either zwy 
or zyx, and clearly neither of them is in g(U). See Figure 9.6. 


9.6.2 Counterexample to directedness 


Let (W,S) be a superhexagonal Coxeter group with a set of five generators, 
S = {z,y,z,w,v}. There exists a polygon poset V contained in (W,S,>r) 
that is not directed under Bruhat order. 
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Figure 9.5: Sketch of the situation in the proof of the theorem. 


Figure 9.6: Netther zwy nor zyx will appear when completing cups to polygons tn 
this poset. 


Let U be the order ideal generated by {vz, wry} in (W,S,> ,). Let V = 
o(U) = G(U). See Figure 9.7. As in the lemma above, we get an infinitely high 
‘wall’ in the middle of V, generated by z and zy. When completing polygons, 
we may draw all polygons involving v on the left side of the wall, and all 
polygons involving w on the right side of the wall. Thus, this wall will separate 
all words containing w from all words containing v, so no word will contain 
both w and v. Thus there can be no common upper bound in V to vz and wry 
in Bruhat order. 
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Figure 9.7: No word with both v and w will appear when completing polygons in this 
poset. 


9.7 Sharp quotients 
This section contains another example of a class of polygon posets. 


Definition. For V C W, let 


wiv = 


{wEW:vEV Ss l(wv) = l(w) + l(v)}. 
WV is called a sharp quotient. The difference from the definition of W/V is 
the ‘<>’ instead of ‘>’, so WIV C W/V. 


In order to show that the sharp quotient WHV under left weak order is a 
polygon poset, we must have the following lemma, which is an easy consequence 
of the Exchange Condition. 


Lemma. [f s;---s, and s,---s,s (k > r)are reduced expressions, but s; ---515 
is not reduced, then sy ---5, = S_--+S;--+S,8 for some indexri>r. 


PRooF By the Exchange Condition, s;, ---s, = s,---5;---5,5 for some index 
1. If we cancel identical factors from the left, we get s;---s; = sj;-1-+-+515, so 
S;°°+8 8 is not reduced. Thus we must have: >r. O 


Proposition. Sharp quotients are closed under meet in the left weak order, 
t.e. of u,we WHV thenuAw Ec WHV. 


PROoF Take w,u € WHV. Let a be a lower bound of w and u in (W,S, > 1), 
such that a g W{V. We must show that a # wA 1, that is, that a is not the 
greatest lower bound. 

Since q@ is a lower bound of w and u, we have that 


(wv) = I(w) + [(v) => (av) = l(a) + [(v), 
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but not the other way around, since a ¢ WV. There must be some shortest 
v such that I(av) = l(a) + I(v) while (wv) < I(w) + l(v). Split <u> as <@> s, 
where s € S. Then <w><f>, <v><f> and <a><f> s are reduced while 
<w><@> s and <v><{f> s are not reduced. 

Let w = S,Sp~1°°:S1 <a> be a reduced expression for w. Then for 
some 1 between 1 and k, by the lemma, we have w@ = szszp_-1-°--51 <a f>= 
S,-+*8;°-+8, <aZ> s,so wf is an upper bound for afs and af. Let <y><af> 
be a reduced expression for a8s Va. Then I(y) > 1. We have wf >1 ya, so 
w >r, ya. By asimilar argument we have also v >; ya. Hence ya 1s a lower 
bound of v and w. Since I(y) > 1 and ya > 1 a, a cannot be the greatest lower 
bound of v and w. O 


Theorem. (W{V,>z) ts a polygon poset. 


PrRooF From the proposition above we deduce that (W{V, > ) has a least 
element, as well as the hat property, in the same way as the cup property 
followed from ideals being closed under join in Theorem 9.4. Obviously it has 
the half-polygon property. The cup property follows in the same way as for 
generalized quotients, in Proposition 9.5. O 


9.8 FSA recognizes reduced words of super- 
hexagonal groups 


It has been conjectured (and, reportedly, also recently proved, see Section 9.1) 
that there exists, for any given Coxeter group (W,S), some FSA, finite state 
automaton, which recognizes the language CL of reduced words. Such an au- 
tomaton can be modeled as a directed graph with the states as vertices, and 
with an edge (u, 0) labeled z if reading z in state u causes a transition to state 
v. This graph has obvious similarities to polygon posets, but there is one im- 
portant difference: there may be several edges labeled z coming in to a state 
v. 


Let A be a minimal automaton that recognizes £. For any w € W, define 
Cy = {v € W :<w><v> reduced}. 


Thus Cy, is the set of possible continuations of a reduced expression for w. Let 
Sw be the state in A that is reached after reading a reduced expression for w. 
Clearly, we can have S, = S, only if C, = Cy, and since A is minimal it will 
have S, = Sy if and only if Cy, = C,,. Since A is finite, there can be only 
finitely many different continuation sets. If W is infinite, there must thus be 
many elements with the same continuation set. Define a relation ~ on W by 
v~ w if Cy = Cy. Then ~ is an equivalence relation, so we can define the 
quotient W/ ~. Obviously W/ ~ can be identified with the set. of states of A. 
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The elements of W/ ~ are equivalence classes of the type 
{weEeW:C, = Cy} = {w € W :<w><u> reduced & u € Ci} = WIC,, 


that is, the sharp quotients. Observe also that W{V # 0 implies that V = C, 
for some v € W. 

Thus we can conclude that if there is an FSA that recognizes CL, then there 
are only finitely many different subsets of W that can arise as sharp quotients, 
and they constitute a partitioning of (W, S, > ,) into a finite number of disjoint 
polygon posets. 

Note also that Cy, is equal to a ‘right weak order generalized quotient’ 
W/r{w}, where 


W/RrV ed {uEW:vEVS> vu) =l(v) + ((u). 


Suppose there are only finitely many different C,. Since 


W/rV = () W/r{v}, 


wEeVv 


there will only be finitely many non-isomorphic generalized quotients (in right 
weak order, but this carries over bijectively to left weak order, since W/{w} is 
the set of inverse elements to W/r{w7'}). 

Now, let (W,S) be a superhexagonal Coxeter group. We shall show that 
the language L of reduced words is recognized by a finite state automaton. As 
pointed out in the previous section, this is equivalent to showing that there are 
only finitely many different continuation sets C,, = {v € W : I(wv) = I(w) + 
l(v)} when w runs through all of W, since the states in a minimal automaton 
recognizing £ must correspond one-to-one with the different continuation sets. 
Define 

Cy = {v € Cy :I(v) = k} 


and let N = max{m(s,t) : s,t € S,m(s,t) < oo}, the length of the longest 
finite polygon. We shall prove that C,, is uniquely determined if ee C is 


known. Since there are only finitely many possible candidates to Lees CF, 
there can be only finitely many different Cy. 

It is enough to prove that we can construct C?t! given U;_, Cx, where 
n > N, as the desired result then follows by induction. Thus, we must prove 
that for any v € C™ and any generator s, we can determine whether vs € Ct}, 
1.e. whether <w><v> s is reduced. 

If <u> s is not reduced then <w><v> s cannot be reduced, so in that case 
we are done. Otherwise a reduced expression for v must end with some t F s. 

Let r be the greatest integer such that there is a reduced expression <u> 
(.--tst), for v. If m(s,t) = 00 then <w><v> s must be reduced, since there 
would otherwise be a polygon hat to an infinite polygon, which is absurd. Thus 
we can assume that r < m(s,t) < N. However, the case when r = m(s,t) is 
already covered since then <v> s is not reduced. 

Case 1. Suppose that r = m(s,t) — 1. If both us and ut are elements in 
Cn-'t! then, by the cup property, vs = u(sts-- ‘)m(s,t) € Oieae 
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s? 


Figure 9.8: Where does the edge labeled s go? The shaded part ts es Ck , translated 
by w. 


Otherwise, if us, say, is not in C®-'t! then <w><u> s is not reduced, 
so there must be some reduced expression </> s for wu. Hence wv can be 
expressed <f> (sts---)m(s,t), 80 <w><v> s is not reduced. Thus vs ¢ Cft?. 

Case 2. r < m(s,t) —2. Then I(u) = n-—r > N —r > 2, so a reduced 
expression for u must end with some z, different from s and t. Thus by Lemma 
9.6 (used as in Theorem 9.6) it is impossible that <w><u> ends with ts or st, 
hence <w><vu>=<wu> (---tst), does not end with (---tst),42, and thereby 
it cannot end with (---tst)ms,t). Thus <w><uv> s is reduced, so vs € Cee, 


9.9 Position posets and the numbers game 


Finally we comment on the connection to the numbers game. If no game 
positions recur during play, then the set P(p) of positions that are reachable 
from a given start position p can be partially ordered by letting po > p if po 
can be reached by playing from p,. This position poset of an N-game, with 
edge labeling given by the fired nodes, is almost always a polygon poset, in the 
following sense. We know that the cup property and the half-polygon property 
hold. A hat in P(p) signifies two play sequences such that a(p) = @(p), and 
if a = #, then the hat property of (W,S,>) provides the polygon under the 
hat in P(p). Thus, if for some p the position poset P(p) does not have the hat 
property, it is because for some play sequences a # 8 we have a(p) = ((p) for 
this particular position p. This is equivalent to a~1(p) = p. If p is regarded as 
a vector in RIV | and a, B as matrices, then this implies that p is an elgenvector 
with eigenvalue 1 to the matrix a~1, which is not the identity matrix. Hence, 
the elgenspace corresponding to eigenvalue 1 has dimension less than |V], so it 
has measure zero relative RIV1. 
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Theorem. To each finite polygon poset Q there 1s a numbers game graph G 
and a start position p, such that the position poset P(p) ts isomorphic to Q. 


PROOF We know that Q is isomorphic to some interval [1, w] in (W, S, >). Let 
G be the graph of a game associated with this Coxeter group W. Let q be 
the position where every node of G has number —1. Play from gq according to 
<w'>. Let p’ be the resulting position. 

Now, let p = —p’,i.e. all numbers in p have the reverse sign of corresponding 
numbers in p’. Clearly we can now play the moves of <w~!> in reverse order, 
l.e. according to <w>, and this must result in the position —q where all 
numbers are 1, so —q is terminal. Thus P(p) is isomorphic to [1, w], and hence 


MA 


Figure 9.9: The polygon poset generated will not be a greedoid. 


= 


For infinite polygon posets the situation is quite different. In Section 4.4 was 
shown that the language of legal play in a numbers game is always a greedoid. 
See [13] for greedoid theory. The language of legal play is the same as the 
language induced by the labels of upward-going paths from 0 in the position 
poset. This language can be defined for all polygon posets, but in general 
they are not greedoids. A simple counterexample is shown in Figure 9.9. Let 
(W,S,>) be a superhexagonal Coxeter group with generators z,y,z,w. Let 
U be the order ideal generated by {zy,zwx}. Let V = o(u) = G(U). Then 
|zwa| > |xy|, but neither of x, z and w can be used to extend zy in V, so the 
exchange condition of greedoids is not satisfied. 

However, Bjorner and Wachs [12] proved that all generalized quotients are 
greedoids. It is an open question whether the position posets also have the other 
properties special to generalized quotients; the chain property, CL-shellability 
and directedness under Bruhat order. 
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comparison theorem, 48 
conservative game, 34 
convex subset of poset, 96 
Coxeter graph, 56, 75 
Coxeter group, 28, 34, 75 

affine, 76, 85 

finite, 85 

presentation of, 75 
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Coxeter relation, 80 
Coxeter system, 75 
cup property, 91 
cut, 59 


directed graph, 22 

discrete subset of compact set, 66 
dual game, 68 

dual move, 68 

dual of poset, 92 


E-game, 29, 33, 44, 79 
E-looper, 60, 85 
E-sublooper, 65, 84 

edge weight, 28 

empty word, 6 

Eriksson, H., 55 

Eriksson, K., 12, 23, 28 
exchange condition, 7, 77 
extendable shellability, 12 


face, 11 

facet, 11 

finite state automaton, 101 
firing, 22, 28 

FSA, 102 


game group, 79 

game language, 7 

game-graph, 4 

generalized adjacency matrix, 51, 60 

generalized quotient, 95 
alternative, 96 

generator, 79 

geometric model, 45 

geometric representation, 78, 81 
canonical, 78 

glued tableau, 14 

greedoid, 7, 23, 48, 104 
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greedy algorithm, 8 numbers game, 3, 27, 28, 103 
edge weighted, 29, 80 
half-polygon property, 91 node weighted, 28 
Hasse diagram, 89 unweighted, 29 
S-labeling of, 91 
hat property, 91 olympiad, 27 
homotopy, 41 order ideal, 94 
basic, 41 
parabolic subgroup, 76 
ideal, 88, 94 partial order 
integer partition, 13 on graphs, 59 
integral game, 52 on nonnegative matrices, 62 
inverse move, 85 partial tableau, 18 
inversion number, 10 Peres, Y., 28 
involution, 68 permutation, 10 
IOM, 27 Perron-Frobenius theory, 51 


polygon, 28, 81 
polygon poset, 91 
polygon property, 5, 80 


jeu de taquin, 18 
Jones Index Theorem, 34 


Kac-Moody algebra, 28, 81 of N-game, 42 
Korte. B.. 7 Polygon Property Theorem, 5 
iracikay 7 98 position poset, 103 


position vector, 29 


Kruskal’s algorithm, 8 a 
positive matrix, 50 


language, 6 pseudoinverse, 51 
language of legal play, 41 

language of reduced words, 101 quadratic form, 65 
lattice, 95 ee 
left-hereditary, 7 reachability, 50, 52 


reduced expression, 92 
reduced word, 77 
reflection, 31, 75 
reflection group, 76 


legal move, 29 
length function, 6 
length of game, 69 


looper, 56 
Lovasz, L., 7, 23 relation, 75 
lower interval, 92 reversed tableau, 14 
root, 78 
M-simplification, 77 root system, 78, 83 
meet, 92 rotation, 31 
meet-semilattice, 92 
Moore-Penrose pseudoinverse, 51 Schutzenberger, M.-P., 18 
Mozes game, 52, 81 semilattice, 92 
Mozes, S., 27, 29, 33, 84 sharp quotient, 100 
mutating graph, 23 shelling, 11 
shelling game, 11 
N-game, 29, 40, 85 shelling step, 11 
N-looper, 67 Shor, P., 23 
node weight, 28 shot vector, 51 


nonnegative matrix, 50 Simon’s conjecture, 12 
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Simon. R, 12 

simple root, 78 

simplicial complex, 11 

skew tableau, 18 

spectral radius, 51 

strong convergence, 5, 33, 40, 91 
subgraph, 57 

supergraph, 57 

superhexagonal, 98 


tableau, 13 

terminal position, 3 

Tits cone, 28, 78, 83 
Tits’s Word Theorem, 77 
Tits, J., 77 
transposition, 76 
triangle diagram, 15, 22 
type, 41, 61 


U-game, 29 


Wachs, M., 88, 104 

weak order, 77 
ideal, 88 

Weyl group, 28 

word, 77 
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